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Appendix A.   Wide-Band Models 

A.1 Wide-Band Models and Correlations 
Edwards and Menard (1964) modeled a band of rotation lines that are reordered in wave 
number so they form an array with exponentially decreasing line intensities moving away 
from the band center, and covering the entire band. This is the exponential wide-band model. 
Edwards and co-workers [Edwards (1960,1962,1965), Edwards and Menard (1964a,b), 
Edwards and Sun (1964), Edwards et al. (1965), Edwards and Nelson (1962), Edwards and 
Balakrishnan (1973), Weiner (1966), Hines and Edwards (1968)]  assembled a large body of 
data on the important radiating gases at typical engineering conditions. By comparing their 
band-correlation relations with data over large ranges of pressure and temperature, they 
determined empirically how the physical variables are related to the effective bandwidth 
Āl(T), to an effective bandwidth parameter ω(Τ), and to a modified pressure-broadening 
parameter B(T, Pe), where Pe is the effective broadening pressure. The μ was expressed in the 
form of a modified variable u = Χα/ω, that is in terms of the mass path length X = ρS of the 
absorbing gas component and a quantity α(T) that will be determined. Available correlations 
are summarized in Table A.1. 
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TABLE A.1 
Available Band Absorptance Correlations for Isothermal Media 

Gas Bands Reference Comments Type of Correlation 

CO2 2.0, 2.7, 4.3, 9.4, 10.4, and 15 
µm 

Table 9.3 [Marin and 
Buckius (1998b)] 

Wide-band 
300 < T < 1390 K 
0.1 < X < 23,000 g/m2 

c-k wide-band distribution 

 WSGG (all) Table 9.7 [Denison and 
Webb (1995)] 

400 < T < 2500 K 
3 x 10–5 to 600 m2/mol 

Spectral line WSGG 

 2.0, 2.7, 4.3, 9.4, 10.4, and 15 
µm 

[Domoto (1974)] 300 < T < 1390 K 
0.1 < X < 23,000 g/m2 

k-distribution 
(wide-band) 

 2.7,4.3, and 15 µm [Chu and Greif (1978)] T ≈ 300 K 
0.1 < X < 23,000 g/m2 

Nonrigid rotator 
spectroscopic wide band 

 2.7 µm [Lin and Greif (1974)] T ≈ 300 K 
0.081 < pS < 1300 atm cm 

Rigid rotator 
spectroscopic wide band 

 2.0, 2.7, 4.3, and 15 µm Table 9.2 [Edwards 
(1976); Edwards and 
Menard (1964b); 
Edwards and 
Balakrishnan (1973); 
Edwards et al. (1967)] 

300 < T < 1390 K 
0.1 < X <  23,000 g/m2 

Exponential wide band 

 9.4 and 10.4 µm Table 9.2 [Edwards 
(1976); Edwards and 
Menard (1964); Edwards 
and Balakrishnan 
(1973); Edwards et al. 
(1967)] 

300 <  T <  1390 K 
0.1 <  X <  23,000 g/m2 

Exponential wide band 

 2.0, 2.7, 4.3, 9.4, 10.4, and 15 
µm 

[Edwards (1960)] 300 <  T <  1390 K 
0.1 <  X <  23,000 g/m2 

Equivalent bandwidth 

H2O 1.38, 1.87, 2.7, and 6.3 µm, 
rotational 

Table 9.4 [Marin and 
Buckius (1998a)] 

300 <  T <  2900 K (except 
rotational band, 

300 <  T <  1900 K) 
10–5 <  pS <  104 atm m 

c-k (wide-band) distribution 

 WSGG (all) Table 9.5 [Denison and 
Webb (1993)] 

400 < T < 2500 K 
3 x 10–5 to 60 m2/mol 

Spectral line 
WSGG 

 1.38, 1.87, 2.7, and 6.3 µm, 
rotational 

[Kamiuto and Tokita 
(1994)] 

300 < T <3000 K 
0.1 < pS < 1000 bar cm 

Modified exponential wide 
band 

 2.7 µm [Lin and Greif (1974)] T = 300 K 
3.3 < pS < 2800 atm cm 

Rigid rotator spectroscopic 
wide band 

 2.7 and 6.3 µm [Weiner (1966)] 300 <  T <  1100 K 
1 <  X <  21000 g/m2 

Equivalent line 

 1.38, 1.87, 2.7, and 6.3 µm Table 9.2 [Edwards 
(1976); Edwards et al. 
(1965); Edwards and 
Balakrishnan (1973); 
Edwards et al. (1967)]] 

300 <  T <  2250 K 
1 <  X <  38,000 g/m2 

Exponential wide band 

 Rotational band 
(κ > 10 µm) 

[Charalampopoulos and 
Felske (1983)] 

500 <  T <  2400 K 
1.5 <  pS <  30 atm cm 

Exponential wide band 

 
a   Varies with band. 
 
 
 

  (  
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TABLE A.1 (CONTINUED) 
Available Band Absorptance Correlations for Isothermal Media 
Gas Bands Reference Comments Type of Correlation 

CO WSGG (all bands)  Solovjov and Webb 
(1998)] 

300 <  T <  2500 K Spectral line WSGG 

 2.35 and 4.67 µm Table 9.2 [Edwards 
(1976); Edwards and 
Menard (1964b); 
Edwards and 
Balakrishnan (1973)] 

300 < T < 1500 K (2.35) 
300 < T <1800 K (4.67) 
19 < X < 650 g/m2 

Exponential wide band 

 4.7 µm  [Hsieh and Greif (1972); 
Hashemi et al. (1976); 
Chu and Greif (1978)] 

300 < T <1800 K 
19 < X < 650 g/m2 

Rigid and nonrigid rotator 
spectroscopic wide-band model 

CH4 1.71, 2.37, 3.31,  
and 7.66 µm 

Table 9.2 [Edwards 
(1976); Edwards and 
Menard (1964b); 
Edwards and 
Balakrishnan (1973)] 

300 < T <1000 Ka 

19 < X < 650 g/m2 
Exponential wide band 

HCl  [Stull and Plass (1960a)] 1000–3400 cm–1 Spectral emittance 

SO2 4.00, 4.34, 5.33, 7.35, 
8.68, and 19.27 µm 

[Kunitomo et al. (1981)] 300 < T < 2000 K 
0.06 < pS < 180 atm cm 

Statistical narrow band and 
exponential wide band 

 4.00, 4.34, 7.35, 8.68,  
and 19.27 µm 

[Chan and Tien (1971)] 500 < T < 3500°R 
0.002 < pS < 2 atm ft 

Elsasser narrow band and 
exponential wide band 

H2  [Aroeste and Benton 
(1956)] 

Not correlated-presented 
in terms of spectral and 
total emittance 

 

Atmospheric 
gases—N2, 
O2, CO2, 
O3, H2O, 
CH3, and 
nitrogen 
oxides 

 [Goody and Yung (1989)] Discussion of literature up 
to 1960 

 

Air All important 
contributing bands 

[Bond et al (1965)] The citation [Bond et al. 
(1965)] provides 
references up to 1965 for 
data to calculate band 
absorptance 

 

NH3 3.0, 10.5, 2.9, and 6.15 
µm  

[Tien (1973)] T < 300 K 
2 < X < 312 g/m2 

Exponential wide band 

NO 5.35 µm  [Hashemi et al. (1976); 
Chu and Greif (1978)] 

T < 300 K 
0.845 < pS < 12.56 
atmcm 

Rigid and nonrigid rotator 
spectroscopic wide-band model 

N2O 4.5 µm  [Chu and Greif (1978)] T < 303 K 
0.0186 < pS < 76.4 
atm•cm 

Nonrigid rotator spectroscopic 
wide-band model 

CCl4 
(liquid) 

All important [Novotny et al. (1974)]  Two-parameter Elsasser and 
statistical narrow band 

 
a   Varies with band. 
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TABLE A.1 (CONTINUED) 
Available Band Absorptance Correlations for Isothermal Media 

Gas Bands Reference Comments Type of Correlation 

H2, N2, O2, CH4, 
CO, Ar (liquids 
only) 

All important far-
infrared bands in 40 
to 500 µm region; for 
H2, 16.7 to 500 µm 

[Jones (1970)] T near normal boiling 
point at 1 atm, S = 
1.27 and 2.54 cm, 
plus 3.25 cm for H2 

Data for absorption coefficient versus 
wave number 

C2H2 Wave number, (cm–1 ) 
3287; 1328, 729 

[Brosmer and Tien 
(1985)] 

Discussion of 
literature; 
measurements from T 
=  290 to 600 K 

Exponential wide band 

C2H4 Four in infrared [Tuntomo et al. 
(1989)] 

Measurements and 
correlation 

Statistical narrow band, wide band 

a Varies with band. 

 

A brief description of the exponential wide band correlation is given here for the four 
gases in Table A.2. Information for NO and SO2 is in Edwards and Balakrishnan (1973)  [see 
also Edwards (1976)]. The correlation is in terms of three quantities: α, the integrated band 
intensity; B, the line-width parameter; and ω, the bandwidth parameter. The desired total 
band absorption Ā is found from the following correlations (the band subscript l on Ā has 
been dropped for convenience): 

For 1: 0
1(2 )

1[ln( ) 2 ]

B A u u B

A Bu B B u
B

A Bu B u
B

ω

ω

ω


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 (A.1a) 

For 1: 0 1
(ln 1) 1

B A u u
A u u
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ω
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
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 (A.1b) 

The B is π times the ratio of mean line width to spacing, i.e., the parameter β adjusted for 
broadening effects, including pressure broadening: B = ßPe, where 

0 0[ / ( / )( 1)]n
eP P P p P b= + − , P is the total pressure (atm) of radiating and nonradiating gas, P0 

=1 atm, and p is the partial pressure of the radiating gas (pe →1 as pe → 0 and P → P0). The b 
and n are in Table A.2 for each gas band. The u = Χα/ω, where X is the mass path length of 
the radiating gas. The ω is found from 1/ 2

0 0( / )T Tω ω= , where ω0 is in Table A.2 and T0 = 
100 K. The table also gives the quantities necessary to obtain α and β from the following: 
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in which 

                    0,
0

,k k
k k

hc hcu u
kT kT
η η

= =  

and 0, 0kυ =  if δk is positive or zero and is |δk| if δk is negative. Some illustrative numerical 
examples are in Edwards (1976) and Example A.1. 

 

TABLE A.2 
Exponential Wide-Band Parameters  

    

Pressure Parameters 
 (To = 100 K) 

   

Gas  1, ,( )m cm gη −  

Band 

(μm) 

Band Center 

η (cm−1) 
1..... mδ δ

 b n αo(cm
−1/g m−2) βo ω0 (cm

−1) 

CO2         15   667 0, 1, 0 1.3 0.7   19.0 0.06157 12.7 

m = 3, η = 1351, g1 = l 10.4   960 −1, 0, 1 1.3 0.8 2.47 x 10-9 0.04017 13.4 

           η = 667, g1 = 2   9.4 1060 0, −2, lb 1.3 0.8 2.48 x 10-9b  0.11888b 10.1 

            η = 2396, g3 = l   4.3   2410a 0, 0, 1 1.3 0.8 110.0 0.24723 11.2 

   2.7 3660 1, 0, 1 1.3   
0.6
5 

    4.0 0.13341 23.5 

   2.0 5200 2, 0, 1 1.3   
0.6
5 

        0.066 0.39305 34.5 

CH4     7.66 1310 0, 0, 0, 1 1.3 0.8   28.0 0.08698 21.0 

m = 4, η 1 = 2914, g1 = 1     3.31 3020 0, 0, 1, 0 1.3 0.8   46.0 0.06973 56.0 

           η 2 =1526, g2 = 2     2.37 4220 1, 0, 0, 1 1.3 0.8     2.9 0.35429 60.0 
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           η 3 =3020, g3 = 3     1.71 5861 1, 1, 0, 1 1.3 0.8       0.42 0.68598 45.0 

          η 4 = 1306, g4 = 3         
H2O rotationald   140 0, 0, 0 8.6(T0/T)1/2 + 0.5 1 44205 0.14311 69.3 

m = 3, η 1 = 3652, g1 = l   6.3 1600 0, 1, 0 8.6(T0/T)1/2 + 0.5 1   41.2 0.09427 56.4 

          η 1 = 1595, g2 = l   2.7   3760a 0, 2, 0 8.6(T0/T)1/2 + 0.5 1       0.19 0.13219 60.0 

           η 3 = 3756, g3 =l   1, 0, 0         2.30   

   0, 0, 1       22.40   

     1.87 5350 0, 1, 1 8.6(T0/T)1/2 + 0.5 1     3.0 0.08169 43.1 

     1.38 7250 1, 0, 1 8.6(T0/T)1/2 + 0.5 1     2.5 0.11628 32.0 

CO   4.7 2143 1 1.1 0.8   20.9 0.07506 25.5 

m = l, η 1 = 2143, g1 = 1     2.35 4260 2 1.0 0.8       0.14 0.16758 20.0 

Sources: Edwards, D. K.: Molecular Gas Band Radiation, in T. F. Irvine, Jr., and J. P. Hartnett (eds.), Advances in Heat Transfer, vol. 12, pp. 115–
193, Academic Press, New York, 1976;  Edwards, D. K., and Balakrishnan, A.: Thermal Radiation by Combustion Gases, IJHMT, vol. 16, 
no. 1, pp. 25–40, 1973. 

a Upper band limit. 
b Use values for the 10.4-µm band instead of those for the 9.4-µm band. 
c See notes in Edwards and Balakrishnan (1973). 
d For the H2O rotational band, 1/2 1/2 1/2

0 0 0 0 0( ) exp[ 9.0( / ) ],  ( / ) ,  ( / )T T T T T T Tα α β ω= −  a(T); if the calculated lower band limit is 

negative, use η = 0 for the lower limit (the band width then equals the calculated upper limit); further details are in Modak (1979). 

 

Greif and coworkers [Hsieh and Greif (1972), Lin and Greif (1973, 1974), Hashemi et 
al. (1976), Chu and Greif (1978)] developed wide-band correlations from basic spectro-
scopic theory, finding good agreement with experimental measurements in many cases. With 
this approach, no arbitrary constants are introduced, and recourse to experimental data is not 
needed to evaluate the constants. 

Tien and Lowder (1966)  devised the continuous correlation 

2ln ( ) 1
2 ( )

lA uuf B
u f Bω

 +
= + + 

 (A.3) 

where ω is the bandwidth parameter and f(B) = 2.94[1 – exp(–2.60B)]. This does not satisfy 
the square-root limit in Equation 9.30 [Cess and Tiwari (1972)], and has been found to be in 
error for very small values of B. Other correlations have been constructed by Cess and 
Tiwari: 

1/ 2 1/ 22 ln 1
2 (1 1/ )

lA u
u Bω

 
= + + + 

 (A.4) 

and Goody and Belton (1967): 
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1/ 22 ln 1
( 4 )

lA Bu
u Bω

 
= + + 

 (A.5) 

A more complicated expression that covers all ranges is given by Morizumi (1979) who also 
summarizes some of the other correlations. Tiwari (1976) compares the results of using 
various narrow-band models in developing the exponential wide-band model. In addition, the 
correlations outlined above are compared and analyzed for regions of accurate use. 

To determine the effect of the band models on the final radiative transfer results, 
several band models were applied to two problems [Tiwari (1977)] involving radiative 
transfer in gases with internal heat sources and heat transfer. In most instances good 
agreement was obtained by using the various models, but it is necessary to examine the 
reference to appreciate the detailed comparisons. A model to apply the exponential wide-
band properties in a multidimensional geometry is in Modest (1983). 

 

EXAMPLE A.1 Find the effective bandwidth Ā of the 9.4-μm band for pure CO2 at 1 
atm and 500K for a path length S of 0.364 m. 

To obtain Ā from the relations in Equation A.1, the values of u and B must be 
determined so the correct relation can be selected. To find u = Χα/ω, the values of all 
three quantities on the right need to be determined using data from Table A.2 and the 
corresponding relations, and to determine B = βPe, values of β and Pe must be found. 

To find α, the values of Ψ(T) and Ψ(T0) must be found using Equation A.2c. 
For the 9.4 μm band, values from Table A.2 (noting the footnote for this band) are α0 
= 2.48 × 10–9 m2/g ⋅ cm, δ1 = –1, δ2 = 0, δ3 = –1, giving υ0,1 = 1, υ0,2 = υ0,3 =0· Also g1 
= 1, g2 = 2, g3 = 1, and η1 = 1351cm 1, η2 = 667cm –1, and η3 = 2396 cm –1. Using h = 
6.626 × 10–34 J ⋅ s, k= 1.381 × 10–23 J/K, and c = 2.998 × 1010 cm/s gives µ1 = 3.887, 
µ2= 1.919, and µ3 = 6.893. The µ0 values are a factor of 5 larger, respectively. 
Substituting into Equation A.33c) gives Ψ(T) = 0.0415 and Ψ(T0) = 7.266 × 10–9. 
Substituting further into Equation A.1a gives α(T) = 0.01341 m2/g ⋅ cm. 

To find a value for β, values of Φ(T) and Φ(T0) must now be determined. 
Substituting into Equation (A.2d) results in Φ(T)=4.479 and Φ(T0) = 1.0237, and from 
Equation (A.2b), β(T) = 0.04017(100/500)1/2 (4.479/1.024) = 0.079. 

The value of ω is obtained from ω = ω0(Τ/Τ0)1/2 using ω0 from Table A.2 to 
give ω =10.1(500/100)1/2 = 22.58cm–1. 

The mass path length X is defined as ρS, and the value of ρ is found from the 
ideal gas law as ρ= PM/RT= 1 atm x 44 (kg/kg ⋅ mol)/[0.08206(atm ⋅ m3/kg ⋅ mol ⋅ K) 
× 500Κ] = 1.072kg/m3 = 1.072 × 103g/m3. Thus, X= 1.07 × 103g/m3 × 0.364m = 390.3 
g/m2, and u = Xα/ω = 389.5 (g/m2) × 0.01346 (m2/g ⋅ cm)/22.58 (cm–1) = 0.232. 

Now the value of Pe = [P/P0 + (p/P0)(b – 1)]n is found for pure CO2 at 1 atm 
using b and n from Table A.2 to give Pe, = (1.3)0.8= 1.234, so B = ßPe = 0.0970. 
Examining the relation for Ā (Equations A.1) shows that for B< 1 and for u between B 
= 0.0970 and B–1

 = 10.309, which is the case here, 



A. Wide-Band Models 
 

A.8 
 

1/ 2 1/ 2 -1[2( ) ] 22.58[2(0.0970 0.232) 0.0970] 4.58 cmA Bu Bω= − = × − =  

This compares reasonably well with the experimental value for these conditions of 5.9 
cm–1

 from Edwards (1960). The predictions from other correlations for this band at 
these conditions are ĀCT = 2.81 (Equation A.4), ĀGB = 3.97 (Equation A.5), and ĀTL = 
4.49 (Equation A.3). 

Additional complexities are introduced when a gas mixture is considered. For 
example, the partial pressure p of an absorbing gas in a multi-component system varies with 
T and P, the populations of the energy states vary with T, and the overlapping of spectral 
lines changes with P. It is thus very complex to formulate analytically the dependence of Āl 
on T, p, and P for a real gas mixture. Useful results must depend heavily on experiment while 
theory is used as a guide. Some calculations for mixtures are in Edwards and Balakrishnan 
(1973). If two gases are present that both absorb energy, their band absorptivities may 
overlap in some spectral regions. In this case, Hottel and Sarofim (1967) show that, for two 
gases a and b in an overlapping band of width ∆η, 

1 1 1a b a b
a b a b

A A A AA A Aη
η η η+

   
= ∆ − − − = + −   ∆ ∆ ∆   

 (A.6) 

Thus the simple sum of the two Ā is reduced by the quantity /a bA A η∆  (see also Equations 
9.61 and 9.64 of the text). Restriction is to wave number intervals over which both Aa and Āa 
and Āb, are applicable average values and in which there is no correlation between the 
positions of the individual spectral lines of gases a and b. 

HOMEWORK 

A.1  For a line-width parameter of B = 0.2, prepare a plot comparing various band correlation 

functions of effective bandwidth to actual bandwidth,
A
ω
 , as a function of the parameter u containing 

mass path length, for 0.01 ≤ u ≤ 100. Compare the correlation functions of Edwards and Menard 
(Equation A.1), Tien and Lowder (Equation A.3), Cess and Tiwari (Equation A.4), and Goody and 
Belton (Equation (A.5). 

A.2  Find the effective bandwidth A  of the 9.4 µm band of CO2 at a partial pressure of 0.4 atm in a 
mixture with nitrogen at a total pressure of 1 atm.  The gas temperature is 500 K, and the path length 
S is 0.364 m.  Compare with the result in Example A.1. 

 Answer:  2.09 cm-1. 

A.3  For pure CO gas at 1 atm pressure, determine the effective bandwidth for the 4.67 µm spectral 
band at T = 600 K for a path length of S = 0.5 m. 

Answer:  207.3 cm-1. 

A.4  From Figure 9.5 of the text, estimate the effective bandwidth for the 2.7 µm CO2 band at 830 K, 
10 atm, and a path length of 38.8 cm.  Compare this with the result computed from the correlations in 
Table A.2. 

 Answer:  414 cm-1. 
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Appendix B: Derivation of Geometric Mean Beam Length Relations 

The Geometric Mean Beam Lengths depend on both geometry and wavelength through the 
definitions  

, 2

cos cosλκ
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θ θ
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The double integral in Equation B.1 must be evaluated for various orientations of surfaces Aj 
and Ak; the result will depend on kλ.  Derivations for some specific geometries are now 
considered. 

B.1 Hemisphere to Differential Area at Center of its Base 

Let Aj be the surface of a hemisphere of radius R, and dAk be a differential area at the center 
of the base (Figure B.1). Then Equation B.1 becomes, since S=R and iθ = 0, 
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FIGURE B.1 Hemisphere filled with isothermal medium. 

The convenient dAj is a ring element dAj = 2πR2 sin θ k dθ k, and the factors involving R can 
be taken out of the integral. This gives 
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With j j dk k dk jA dF dA F− −=  and 1,dk jF − = , this reduces to 
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This especially simple relation is used later in the concept of mean beam length where 
radiation from an actual volume of a medium is replaced by that from an equivalent 
hemisphere. 

B.2 Top of Right Circular Cylinder to Center of its Base 

This geometry is in Figure B.2. Since θj = θk = θ, the integral in Equation B.1 becomes, for 
the top of the cylinder Aj radiating to the element dAk at the center of its base, 

2
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Since 2 2 2 , 2 2 .jS h dA d S dSξ πξ ξ π= − = =  Then, using cos θ = h/S, 
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FIGURE B.2 Geometry for exchange from top of gas-filled cylinder to center of its base. 

Now let κλS = τλ to obtain 
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This integral can be expressed in terms of the exponential integral function defined in 
Appendix D of the text, by writing 
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Letting ( )2 2R hλ λτ κ µ= +  and hλκ µ , respectively, in the two integrals gives 
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The integral in Equation B.6 is then written in terms of the exponential integral function as 
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so it can be readily evaluated for various values of the parameters R/h and κλh. 

B.3 Side of Cylinder to Center of its Base 

Let dAj be a ring around the wall of a cylinder as in Figure B.3, and note that dAj = 2πRdz, 
cos θk = z/S, cos θj = R/S, and z dz = SdS. Then Equation B.1 is written for the side of the 
cylinder to dAk as 
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FIGURE B.3 Geometry for exchange from side of gas-filled cylinder to center of its base. 

 

This is of the same form as Equation B.5, and gives the result 
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As for Equation B.8, this is readily evaluated for various values of R/h and κλh. 

B.4 Entire Sphere to Any Area on its Surface or to its Entire Surface 

From Figure B.4, since θk = θj let them be simply θ; then S = 2R cos θ. Starting with Equation 
B.4, dAj cos θ/S2 is the solid angle by which dAj is viewed from dAk. The intersection of the 
solid angle with a unit hemisphere shows that this equals 2π sin θ dθ. Then 
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FIGURE B.4 Geometry for exchange from surface of gas-filled sphere to itself. 

Integrating gives 
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which has a single parameter 2κλR, the sphere optical diameter. 

Equation B.11 is integrated over any finite area Ak to give tλ  from the entire sphere to 

Ak as ( ) ( )2 2
, 2 / 2 1 2 1 R
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4.17, 
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which also applies for the entire sphere to its entire surface. 
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B.5 Infinite Plate to Any Area on Parallel Plate 

In Figure B.5 consider on one plate an element dAk, and on the other plate a concentric ring 
element dAj centered about the normal to dAk. The geometry is like that in Figure B.2 for a 
ring on the top of a cylinder to the center of its base. Then, from Equation B.6, 

2
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where κλD is the optical spacing between the plates. By using the procedure leading to 
Equation B.8, the integral is transformed to 2

3( ) / ( )E D Dλ λκ κ . Then integrating over any 
finite area Ak as in Figure B.5 gives , 32 ( )j j k j k kA F t A E Dλ λκ− − = . With j j k k k jA F A F− −=  and Fk–

j = 1, this reduces to 

, 32 ( )j kt E Dλ λκ− =                                                          (B.13) 

 

FIGURE B.5 Isothermal layer of medium between infinite parallel plates. 

B.6 Rectangle to a Directly Opposed Parallel Rectangle 

Consider, as in Figure B.6, the exchange from a rectangle to an area element on a directly 
opposed parallel rectangle. The upper rectangle is divided into a circular region and a series 
of partial rings of small width. The contribution from the circle of radius R to ,j j dk j dkA dF tλ− −  
can be found from Equations B.6 and B.8, for the top of a cylinder to the center of its base. 
For the nth partial ring, let fn be the fraction it occupies of a full circular ring. Then, by use of 
Equation B.4, the contribution of all the partial rings to ,j j dk j dkA dF tλ− −  is approximated by 
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FIGURE B.6 Geometry for exchange between two directly opposed parallel rectangles with 
intervening translucent medium. 

This evaluation of ,j j dk j dkA dF tλ− −  is carried out for several area patches on Ak. This is usually 
sufficient, so the integration over Ak can be performed as indicated by Equation B.1 to yield 

, ,
k

j j k j k j j dk j dkA
A F t A dF tλ λ− − − −= ∫  

EXAMPLE B.1 A nongray, absorbing-emitting plane layer with κλ as in Figure B.7 is 
1.2 cm thick and is on top of an opaque diffuse-gray infinite plate. The plate 
temperature has been raised suddenly, so the layer is still at its initial uniform 
temperature. What is the net heat flux being lost from the plate-layer system? Neglect 
heat conduction effects in the layer, and neglect any reflections at the upper boundary 
of the layer. 

 

FIGURE B.7 Plane layer of nongray absorbing-emitting material. 

The uniform environment above the layer acts as a black enclosure at Te. 
Equation 10.79b of the text can be applied directly by integrating in two spectral 
bands and using ελ2 = 1. The geometric-mean transmittance factors are obtained from 
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Equation B.13 as ,1 3 ,2 32 (0.16 1.2) 0.7142,   0 6.5 m; 2 (0.65 1.2)t E t Eλ λλ µ= × = ≤ ≤ = ×  
0.2974,   6.5 mµ λ= ≤ ≤ ∞ . This yields 
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Inserting the values F0→6.5×630 = 0.4978, F0→6.5×550 = 0.3985 and F0→6.5×495 = 0.3220 
yields q = 2954 W/m2. 

B.7 Geometric-Mean Beam Length for Spectral Band Enclosure Equations 

For use in the spectral band enclosure Equation 10.84 in the text, the absorption integral in 
Equation 10.89 must be evaluated between pairs of enclosure surfaces for the wavelength 
bands involved. When more than a few bands absorb appreciably, the enclosure solution 
requires considerable computational effort. A simplification was developed by Dunkle (1964) 
by assuming that the integrated band absorption α l(S) is a linear function of path length. 
This has some physical basis, as it holds exactly for a band of weak nonoverlapping lines 
(Equation 9.16 in the text). Also, it is the form of some of the effective bandwidths in the 
exponential wide band correlations of on-line Appendix A (Equation A.1 at 
http://www.thermalradiation.net/ ). As shown in Dunkle by means of a few examples, 
reasonable values for the energy exchange are obtained using this approximation. Hence, let 
κl in Equation 10.90 have the linear form from Equation 9.27 (note that the bandwidth Δλl = 
ω in Equation 9.27) 

( ) ( ) ( )( ) l l l c
l

l

A S A S A S SS S
m

α
λ ω δ δ

= = = =
∆

                                       (B.14) 

where Sc and δ are the line intensity and the spacing of the individual weak spectral lines, as 
in Chapter 9 of the text. 

Now define a mean path length k jS −  called the geometric-mean beam length, such 

that αl evaluated from Equation B.14 by using k jS S −=  will equal ,l k jα −  from the integral in 

Equation 10.89 of the text. After substituting ( ), /l k j c k jS Sα δ− −=  and ( )/l cS Sα δ=  into 

Equation 10.89, the relation for k jS − is 

cos cos1
j k

j k
k j j k k jA A

k k j

S S dA dA
A F S

θ θ
π− −

−

= = ∫ ∫                                    (B.15) 

which depends only on geometry. This integral is also obtained in Equation B.1 when κλS is 
small (optically thin limit). In Dunkle, Sk–j values are tabulated for parallel equal rectangles, 
for rectangles at right angles, and for a differential sphere and a rectangle. Analytical 
relations for rectangles are in Equations B.16a,b. For directly opposed parallel equal 
rectangles with sides of length a and b and spaced a distance c apart, 

http://www.thermalradiation.net/webappendices/webappendixA.html�
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(B.16a) 

where η = a/c, β = b/c and 2 21ξ η β= + + . The Fk–j can be obtained from Factor 4 in 
Appendix C of the text. For rectangles ab and bc at right angles with a common edge b, 
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      (B.16b) 

where α = a/b and γ = c/b. The Fk–j is obtained from Factor 8 in Appendix C of the text. 
Results for equal opposed parallel rectangles are in Figure B.8, and values for equal parallel 
rectangles and for rectangles at right angles are in Tables B.1 and B.2. Other k jS −  values are 
referenced by Hottel and Sarofim (1967). In Anderson and Hadvig (1989), values are 
obtained for a medium in the space between two infinitely long coaxial cylinders. 

 

FIGURE B.8 Geometric mean beam lengths for equal parallel rectangles [Dunkle (1964)]. 
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For a medium at uniform conditions, the geometric-mean beam length can be used in 
the effective-bandwidth correlations in on-line Appendix A 
(http://www.thermalradiation.net)  to obtain ( )lA S . Using Δλl obtained in the next 

paragraph yields ( ) ( ) /l l lS A Sα λ= ∆  from Equation 10.91 of the text and lt  from 1 lα− . 
Then Equations 10.84 and 10.85 of the text can be solved for ql,k for each wavelength band l. 
The total energies at each surface k are found from a summation over all bands 

, ,
absorbing nonabsorbing

bands bands

k l k l l k lq q qλ λ= ∆ + ∆∑ ∑                                        (B.17) 

The wavelength span Δλl of each band is needed to carry out the solution. This span 
can increase with path length. Edwards and coworkers [Edwards and Nelson (1962), Edwards 
(1962), Edwards et al. (1967)] give recommended spans for CO2 and H2O vapor; these 
values, in wave number units, are in Table A.3 for the parallel-plate geometry. For other 
geometries, Edwards and Nelson give methods for choosing approximate spans for CO2 and 
H2O bands. Briefly, the method is to use approximate band spans based on the longest 
important mass path length in the geometry being studied. With this in mind, the limits of 
Table B.3 are probably adequate for problems involving CO2 and H2O vapor. 

If all surface temperatures are specified in a problem, the results from Equation B.17 
complete the solution. If qk is specified for n surfaces and Tk for the remaining N–n surfaces, 
then the n unknown surface temperatures are guessed, the equations are solved for all q, and 
then the calculated qk are compared to the specified values. If they do not agree, new values 
of Tk for the n surfaces are assumed and the calculation is repeated until the given and 
calculated qk agree for all Ak with specified qk. Equation 11.8, expressed as a sum over the 
wavelength bands, gives the required energy input to the medium for the specified Tg. 
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TABLE B.1 Geometric mean beam-length ratios and configuration factors for parallel equal rectangles [Dunkle (1964)] 

a/c 

 c/b 

0 0.1 0.2 0.4 0.6 1.0 2.0 4.0 6.0 10.0 20.0 

0 /k jS c−  1.000 1.001 1.003 1.012 1.025 1.055 1.116 1.178 1.205 1.230 1.251 

 Fk–j            
0.1 /k jS c−  1.001 1.002 1.004 1.013 1.026 1.056 1.117 1.179 1.207 1.233 1.254 

 Fk–j  0.00316 0.00626 0.01207 0.01715 0.02492 0.03514 0.04210 0.04463 0.04671 0.04829 
0.2 /k jS c−  1.003 1.004 1.006 1.015 1.028 1.058 1.120 1.182 1.210 1.235 1.256 

 Fk–j  0.00626 0.01240 0.02391 0.03398 0.04941 0.06971 0.08353 0.08859 0.09271 0.09586 
0.4 /k jS c−  1.012 1.013 1.015 1.024 1.037 1.067 1.129 1.192 1.220 1.245 1.267 

 Fk–j  0.01207 0.02391 0.04614 0.06560 0.09554 0.13513 0.16219 0.17209 0.18021 0.18638 
0.6 /k jS c−  1.025 1.026 1.028 1.037 1.050 1.080 1.143 1.206 1.235 1.261 1.282 

 Fk–j  0.01715 0.03398 0.06560 0.09336 0.13627 0.19341 0.23271 0.24712 0.25896 0.26795 
1.0 /k jS c−  1.055 1.056 1.058 1.067 1.080 1.110 1.175 1.242 1.272 1.300 1.324 

 Fk–j  0.02492 0.04941 0.09554 0.13627 0.19982 0.28588 0.34596 0.36813 0.38638 0.40026 
2.0 /k jS c−  1.116 1.117 1.120 1.129 1.143 1.175 1.246 1.323 1.359 1.393 1.421 

 Fk–j  0.03514 0.06971 0.13513 0.19341 0.28588 0.41525 0.50899 0.54421 0.57338 0.59563 
4.0 /k jS c−  1.178 1.179 1.182 1.192 1.206 1.242 1.323 1.416 1.461 1.505 1.543 

 Fk–j  0.04210 0.08353 0.16219 0.23271 0.34596 0.50899 0.63204 0.67954 0.71933 0.74990 
6.0 /k jS c−  1.205 1.207 1.210 1.220 1.235 1.272 1.359 1.461 1.513 1.564 1.609 

 Fk–j  0.04463 0.08859 0.17209 0.24712 0.36813 0.54421 0.67954 0.73258 0.77741 0.81204 
10.0 /k jS c−  1.230 1.233 1.235 1.245 1.261 1.300 1.393 1.505 1.564 1.624 1.680 
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 Fk–j  0.04671 0.09271 0.18021 0.25896 0.38638 0.57338 0.71933 0.77741 0.82699 0.86563 
20.0 /k jS c−  1.251 1.254 1.256 1.267 1.282 1.324 1.421 1.543 1.609 1.680 1.748 

 Fk–j  0.04829 0.09586 0.18638 0.26795 0.40026 0.59563 0.74990 0.81204 0.86563 0.90785 
 /k jS c−  1.272 1.274 1.277 1.289 1.306 1.349 1.452 1.584 1.660 1.745 1.832 

 Fk–j  0.04988 0.09902 0.19258 0.27698 0.41421 0.61803 0.78078 0.84713 0.90499 0.95125 

 

TABLE B.2 Configuration factors and mean beam-length functions for rectangles at right angles [Dunkle (1964)] 

a/b  

c/b 

0.05 0.10 0.20 0.4 0.6 1.0 2.0 4.0 6.0 10.0 20.0 ∞ 

0.02 AkFk–j/b2 0.007982 0.008875 0.009323 0.009545 0.009589 0.009628 0.009648 0.009653 0.009655 0.009655 0.009655 0.009655 

 /k k j k jA F S abc− −
 0.17840 0.12903 0.08298 0.04995 0.03587 0.02291 0.01263 0.006364 0.004288 0.002594 0.001305  

0.05 AkFk–j/b2 0.014269 0.018601 0.02117 0.02243 0.02279 0.02304 0.02316 0.02320 0.02321 0.02321 0.02321 0.02321 

 /k k j k jA F S abc− −
 0.21146 0.18756 0.13834 0.08953 0.06627 0.04372 0.02364 0.01234 0.008342 0.005059 0.002549  

0.10 AkFk–j/b2  0.02819 0.03622 0.04086 0.04229 0.04325 0.04376 0.04390 0.04393 0.04394 0.04394 0.04395 

 /k k j k jA F S abc− −
  0.20379 0.17742 0.12737 0.09795 0.06659 0.03676 0.01944 0.013184 0.008018 0.004049  

0.20 AkFk–j/b2   0.05421 0.06859 0.07377 0.07744 0.07942 0.07999 0.08010 0.08015 0.08018 0.08018 

 /k k j k jA F S abc− −
   0.18854 0.15900 0.13028 0.09337 0.05356 0.02890 0.01972 0.012047 0.006103  

0.40 AkFk–j/b2    0.10013 0.11524 0.12770 0.13514 0.13736 0.13779 0.13801 0.13811 0.13814 

 /k k j k jA F S abc− −
    0.16255 0.14686 0.11517 0.07088 0.03903 0.02666 0.01697 0.008642  

0.60 AkFk–j/b2     0.13888 0.16138 0.17657 0.18143 0.18239 0.18289 0.18311 0.18318 

 /k k j k jA F S abc− −
     0.14164 0.11940 0.07830 0.04467 0.03109 0.02025 0.010366  

1.0 AkFk–j/b2      0.20004 0.23285 0.24522 0.24783 0.24921 0.24980 0.25000 

 /k k j k jA F S abc− −
      0.11121 0.08137 0.04935 0.03502 0.02196 0.01175  
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2.0 AkFk–j/b2       0.29860 0.33462 0.34386 0.34916 0.35142 0.35222 

 /k k j k jA F S abc− −
       0.07086 0.04924 0.03670 0.02401 0.01325  

4.0 AkFk–j/b2        0.40544 0.43104 0.44840 0.45708 0.46020 

 /k k j k jA F S abc− −
        0.04051 0.03284 0.02320 0.01300  

6.0 AkFk–j/b2         0.46932 0.49986 0.51744 0.52368 

 /k k j k jA F S abc− −
         0.02832 0.02132 0.01272  

10.0 AkFk–j/b2          0.5502 0.5876 0.6053 

 /k k j k jA F S abc− −
          0.01759 0.01146  

20.0 AkFk–j/b2           0.6608 0.7156 

 /k k j k jA F S abc− −
           0.008975  
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TABLE B.3 Approximate band limits for parallel-plate geometry [Edwards and Nelson 
(1962), Edwards (1962), Edwards et al. (1967)] 

Gas 

Band center 
λ, µm 

Band center η, 
cm−1 

Band limits η, cm−1a 

Lower Upper 

CO2 15 667 667 – 15( /1.78)A  667 + 15( /1.78)A  

 10.4 960 849 1013 

 9.4 1060 1013 1141 

 4.3 2350 2350 – 4.3( /1.78)A  2430 

 2.7 3715 3715 – 2.7( /1.76)A  3750 

H2O 6.3 1600 1600 – 6.3( /1.6)A  1600 + 6.3( /1.6)A  

 2.7 3750 3750 – 2.7( /1.4)A  3750 + 2.7( /1.4)A  

 1.87 5350 4620 6200 

 1.38 7250 6200 8100 

a A  is found for various bands as in Example A.1. Terms such as 15 /1.78A   are ( )/ 2 1 gA τ−  from 
Equation 17 and Tables 1 and 2 of Edwards and Nelson (1962). 
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EXAMPLE B.2 Two black parallel plates are D = 1 m apart. The plates are of width W 
= 1 m and have infinite length normal to the cross section shown.  Between the plates is 
carbon dioxide gas at 

2CO 1p =  atm and Tg = 1000 K. If plate 1 is at 2000 K and plate 2 is 
at 500 K, find the energy flux that must be supplied to plate 2 to maintain its temperature. 
The surroundings are at Te << 500 K. 

 

The geometry is a four-boundary enclosure formed by two plates and two 
open planes. The open areas are perfectly absorbing (nonreflecting) and radiate no 
significant energy as the surrounding temperature is low. The energy flux added to 
surface 2 is found by using the enclosure Equation 10.74 of the text where k = 2 and N = 
4. All surfaces are black, ελ,j = 1, so Equation 10.74 reduces to 

4 4

2 , 2 2 ,2 , 2 ,2 ,
1 1

[( ) ]j j j j j b j j j b g
j j

q F e F eλ λ λ λ λδ δ τ α− − − −
= =

= − −∑ ∑  (B.18) 

The self-view factor F2–2 = 0 and Eλb,3 = Eλb,4 ≈ 0, so this becomes 

,2 2 1 ,2 1 ,1 ,2 2 1 ,2 1 2 3 ,2 3 2 4 ,2 4 ,( )b b b gq F t E E F F F Eλ λ λ λ λ λ λ λα α α− − − − − − − −= − + − + +  (B.19) 

To simplify the example, it is carried out by considering the entire wavelength region as a 
single spectral band. To obtain the total energy supplied to plate 2, integrate over all 
wavelengths to obtain 

4
2 2 1 ,2 1 ,1 20

2 1 ,2 1 2 3 ,2 3 2 4 ,2 4 ,0
( )

b

b g

q F t E d T

F F F E d

λ λ

λ λ λ λ

λ σ

α α α λ

∞

− −

∞

− − − − − −

= − +

− + +

∫
∫

 

By use of the definitions of total transmission and absorption factors, 

4 4
2 1 1 ,2 1 ,1 2 1 ,2 1 ,0 0b g b gt T t E d T E dλ λ λ λσ λ α σ α λ

∞ ∞

− − − −= =∫ ∫  
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and so forth, q2 becomes 

4 4 4
2 2 2 1 2 1 1 2 1 2 1 2 3 2 3 2 4 2 4( ) gq T F t T F F F Tσ σ α α α σ− − − − − − − −= − − + +  (B.20) 

     To determine t  and α , the geometric-mean beam length is used. For opposing 
rectangles (Figure B.8 of this Appendix) at an abscissa of 1.0 and on the curve for a 
length-to-spacing ratio of ∞, the 2 1 / 1.34S D− = , so 2 1 1.34 mS − = . To determine 2 1α − , 
which determines the emission of the gas, use the emittance chart in Figure 9.18 or 
Equation 9.58 of the text  at a pressure of 1 atm, Le = 1.34 m and Tg = 1000 K. This gives 

2 1 0.22α − = . When obtaining 2 1τ − , note from Equation B.20 that the radiation in the 2 1τ −  
term is Eλb,1 and is coming from wall 1. Therefore it has a spectral distribution different 
from that of the gas radiation. To account for this nongray effect, Equation 10.121 is used 
with ε+ evaluated at 

2CO 2 1 1( / ) 1.34(2000 /1000) 2.68 atm mgp S T T− = = ⋅ and T1 = 2000 K. 
Then, using Figure 9.18 (extrapolated) and Equation 10.121 of the text results in 

0.51
2 1 21 0.2( ) 0.86τ − ≈ − = . 

From Factor 3 in Appendix C of the text, the F2–1 is given by 
2 2 1/ 2

2 1 [( ) ] / 2 1 0.414F D W D W− = + − = − = . Then 1
2 3 2 4 2 (1 0.414) 0.293F F− −= = − = . 

The 2 3 2 4α α− −= , and they remain to be found. For adjoint planes, as in the geometry for 
Table B.2, the following expression from Equation 12 of Dunkle (1964) can be used, 
obtained for the present case where b →∞, a = 1, and c = 1: 

2 3 2 32 ln 2 /( ) 2 0.347 /( 0.293) 0.753 m.S Fπ π− −= = × × =  Using Figure 9.18 
0.753atm mpS = ⋅  and Tg= 1000 K gives 2 3 2 4 0.19α α− −= = . Then the desired result is 

4 4 4
2 2 1

12 4 4 4

2

0.414(0.86) (0.414 0.22 2 0.293 0.19)

5.6704 10 (500 0.36 2000 0.20 1000 )
33.4 W/cm

gq T T Tσ σ σ
−

= − − × + × ×

= × − × − ×

= −

 

Note that the largest contribution to q2 is by energy leaving surface 1 that reaches and is 
absorbed by surface 2. Emission from the gas to surface 2, and emission from surface 2, 
are small. 

An alternative approach for this particular example is to note that the term 
involving Tg in Equation B.20 is the flux received by surface 2 as a result of emission by 
the entire gas. This can be calculated from Equation 10.118 using the mean beam length. 
Then 4 4 4

2 2 2 1 2 1 1 g gq T F T Tσ τ σ σ− −= − − ε . For this symmetric geometry the average flux 
from the gas to one side of the enclosure is the same as that to the entire enclosure 
boundary. Consequently, the mean beam length can be obtained from Equation 10.114 as 

20.9(4) / 0.9(4)(1 m) / 4 m 0.9 m.eL V A= = =  Then, from Figure 9.18 at Tg = 1000 K and 

2CO 0.9 atm mep L = ⋅ , the εg = 0.20. This gives the same q2 as previously calculated. 
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HOMEWORK (Solutions are included in the Solution Manual under Chapter 10) 

B.1  Two opposed parallel rectangles are separated by a distance of 0.5 m.  The rectangles are of 
size 1.2 x 1.8 m.  The space between the rectangles is filled with H2O vapor at P = 1 atm and T = 
1200 K.  Assume for this calculation that only the 2.7-µm spectral band of H2O participates in 
radiative absorption and emission by the gas, and use the data of Table A.2 of on-line Appendix 
A  to compute εg.  Rectangle 1 has T1 = 1460 K, ε1 = 1.0.  Rectangle 2 has T2 = 515 K, ε2 = 0.6. 
Assume that the surroundings are at low temperature.  Compute the total energy being added to 
each plate, using the method of Section 10.6.4 of the text. 

B.2   A rectangular enclosure that is very long normal to the cross section shown has diffuse-
gray walls at conditions shown below and encloses a uniform gray gas at Tg = 1500 K.  The 
gas has an absorption coefficient of 0.25 m−1.  Find the average net radiative flux at each 
surface, and the energy necessary to maintain the gas at 1500 K. 
 

 

 

 

ε  Tw(K) Surface 

    1  1.0  2000 

    2  0.5  1500 

    3  0.1  1000 

    4  0   500 

 Answer:  q1 = 607 kW/m2; q2 = − 75.1 kW/m2; q3 = − 39.3 kW/m2; 
 energy added = 2,121 kW/m. 
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Appendix C:  Exponential Kernel Approximation 

The solution for a gray medium in radiative equilibrium without internal heat sources between 
diffuse-gray walls was derived in Section 11.4.5 of the text in terms of the functions ψb and φb, 
that have been evaluated numerically and are in Table 11.2 and Figure 11.4 of the text. An 
approximate solution for ψb and φb is found here by using an approximation for the exponential 
integrals in the radiative flux equation. The ψb and φb are for black walls, so that 4

1 1wJ Tσ=  and 
4

2 2wJ Tσ=  Without convection, conduction, or internal heat sources, the radiative flux qr is 
independent of position and is equal to the flux q transferred between the walls. Then, with the 
dimensionless forms in Equation 11.55 of the text, Equation 11.49 relating the flux and 
temperature distribution becomes 

* * * * * *
3 2 2* 0 *

2 ( ) 2 ( ) ( ) 2 ( ) ( )D

b b bE E d E d
τ τ

τ τ τ
ψ τ φ τ τ τ τ φ τ τ τ τ

= =
= + − − −∫ ∫  (C.1) 

From Appendix D of the text, the E2 and E3 are closely approximated by the exponential 
functions 

2 3
3 3 1 3( ) exp ( ) exp
4 2 2 2

E Eτ τ τ τ   ≅ − ≅ −   
   

. These approximations are inserted into 

Equation C.1 to yield 

3 /2 3 /2 * 3 */2 * 3 /2 * 3 */2

* 0 *

3 3( ) ( ) *
2 2

D

b b be e e d e e d
τ ττ τ τ τ τ

τ τ τ
ψ φ τ κ φ τ τ− − − −

= =
= + −∫ ∫  (C.2) 

To solve for ψb and φb, Equation C.2 is differentiated twice with respect to τ, and, to satisfy the 
heat flux being constant across the distance between the walls, dψb/dτ = 0. This yields 

* *

3 /2 3 /2 * 3 */2 * 3 /2 * 3 */2 *

0

4 3 30 ( ) ( )
3 2 2

Db
b b

de e e d e e d
d

τ ττ τ τ τ τ

τ τ τ

φ φ τ τ φ τ τ
τ

− − −

= =
= + + −∫ ∫  (C.3) 

Equation C.3 is subtracted from Equation C.2 to give ψb = –(4/3)(dφb/dτ). Since ψb, is a constant, 
this is integrated to yield 

3
4b b Cφ ψ τ= − +  (C.4) 

where C is an integration constant. The ψb, and C are found by substituting Equation C.4 back 
into the integral Equation C.2 to obtain 

* *

3 /2 3 /2 * 3 */2 * 3 /2 * 3 */2 *

0

3 3 3 3
2 4 2 4

D

b b be e C e d e C e d
τ ττ τ τ τ τ

τ τ τ
ψ ψ τ τ ψ τ τ− − −

= =

   = + − + − − +   
   ∫ ∫  

The integrations are carried out, and after simplification this becomes 

3( )/23 /2 1 3 10 1
2 4 2

D
b b D be C e Cτ ττ ψ ψ τ ψ−−    = − − + − − +   

   
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Thus there are two simultaneous equations for ψb and C: 

1 3 11 0 and 0
2 4 2b b D bC Cψ ψ τ ψ− − = − − + =  

The solution yields 

1
3 1
4

b

D

ψ
τ

=
+

 (C.5a) 

and C = 1 – ψb/2. These are substituted into Equation C.4 to give 

1 3 1( ) ( )3 4 21
4

b D

D

φ τ τ τ
τ

 = − +  +
 (C.5b) 

Table C.1 compares Equation C.5a with the analytical results from Table 11.2 of the text; 
agreement is within about 3% for all Dτ . 

 

TABLE C.1 
Comparison of Dimensionless Radiative Flux in a One-Dimensional Slab by the Exponential 
Kernel Approximation with Exact Solution 

 Dimensionless Radiative Flux, ( )b DτΨ  

Dτ  
Equation C.5a Text Table 11.2 

0.2 0.8696 0.8491 

0.4 0.7692 0.7458 

0.6 0.6897 0.6672 

 1 0.5714 0.5532 

1.5 0.4706 0.4572 

 2 0.4000 0.3900 

 3 0.3077 0.3016 

 

The use of the approximate kernel for nongray media and for situations without radiative 
equilibrium is discussed in Gilles et al. (1969). 
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REFERENCE: 

Gilles, S. E., Cogley, A. C., and Vincenti, W. G.: A Substitute-Kernel Approximation for Radiative 
Transfer in a Non-Grey Gas near Equilibrium, with Application to Radiative Acoustics, IJHMT, vol. 
12, pp. 445–458, 1969. 

 
 
HOMEWORK 
 
C.1  Consider a gray absorbing medium with isotropic scattering between parallel diffuse gray 
plates at temperatures  T1 and  T2, and spaced D apart.  Heat conduction is negligible. Show that 
the exponential kernel approximation yields the same result for radiative heat transfer as 
obtained by the diffusion solution with jump boundary conditions. The medium has extinction 
coefficient β.   

C.2 A gray gas is contained between infinite parallel plates.  The plates both have emissivity 
ε = 0.30.  Plate 1 is held at temperature T

1
 = 1150 K, and plate 2 is at T

2
 = 525 K.  The medium 

between the plates is nonscattering, and has a uniform absorption coefficient of κ = 0.75 m-1.  
Heat conduction in the gas is neglected. The plane layer geometry is shown below. 

 

 

 

 

Predict the net radiative heat flux transferred between the surfaces (W/m2) and plot the 
temperature profile [T4(κ) - T2

4] / (T1
4 - T2

4) in the gas, where τ = κx.  Solve the problem using 
the exponential kernel approximation. Compare the results with those of Homework Problems 
12.6, 12.7 and 12.8. 

(SOLUTIONS TO APPENDIX C PROBLEMS ARE IN THE SOLUTION MANUAL AT THE 
END OF CHAPTER 12 SOLUTIONS) 

 

κ = 0.75 m-1 D = 1.5m 

A1, T1 = 1150 K, ε = 0.30 

A2, T2 = 525 K, ε= 0.30 



D: Curtis-Godson Approximation 
 

 Appendix D.1  

 
Appendix D:  Curtis-Godson Approximation 

For nonuniform gases a useful method for some radiation analyses is the Curtis-Godson 
approximation [Edwards and Weiner (1966), Krakow et al. (1966), Simmons (1966, 1968), 
Goody and Yung (1989)]. The transmittance of a given path through a nonisothermal gas is 
related to the transmittance through an equivalent isothermal gas. Then the solution is obtained 
by using isothermal-gas methods. The relation between the nonisothermal and the isothermal gas 
is found by assigning an equivalent amount of isothermal absorbing material to act in place of 
the nonisothermal gas. The amount is based on a scaling temperature and a mean density or 
pressure obtained in the analysis. These mean quantities are found by having the transmittance of 
the uniform gas be equal to the transmittance of the nonuniform gas in the weak and strong 
absorption limits. 

Goody and Yung , Krakow et al., and Simmons discuss the Curtis-Godson method for 
attenuation in a narrow vibration-rotation band. Excellent comparisons with exact numerical 
results were obtained. Weiner and Edwards (1968) applied the method for steep temperature 
gradients in gases with overlapping band structures. Comparison of the analysis with 
experimental data was excellent. The Curtis-Godson technique is useful when the gas 
temperature distribution is specified. If the gas temperature distribution is not known, an iterative 
procedure would be needed; this is not very practical. 

In this development, spectral variations are in terms of wave number, as is common for 
band correlations. For a nonuniform gas the absorption coefficient κη is variable along the path. 
An effective bandwidth Āt(S) is defined, analogous to Equation 9.23 of the text but using an 
integrated absorption coefficient: 

{ }
{ }

S

absorption 0bandwidth

S

0

( ) 1 exp ( )

exp ( )

l

l l

A S S dS d

S dS d

η

η

κ η

η κ η

∗ ∗

∗ ∗

 = − −  

 = ∆ − −  

∫ ∫

∫ ∫
 (D.1) 

Similarly, for a path length from S* to S, the effective bandwidth is 

{ }S

absorption S**=S*bandwidth
( ) 1 exp ( )ηκ η∗ ∗∗ ∗∗ − = − −  ∫ ∫lA S S S dS d  (D.2) 

The integrated equation of transfer for intensity at S by radiation (without scattering) 
traveling from 0 to S is, from Equation 10.15 of the text,   

{ }

S S S

S*=0 S*=0 S**=S*

S S S

,S*=0 S*=0 S**=S

( ) (0)exp ( ) ( ) ( ) exp ( )

(0)exp ( ) ( ) 1 exp ( )

b

b

I S I S dS S I S S dS dS

I S dS I S S dS dS
S

η η η η η η

η η η η

κ κ κ

κ κ
∗

∗ ∗ ∗ ∗ ∗∗ ∗∗ ∗

∗ ∗ ∗ ∗∗ ∗∗ ∗

   = − + −      
∂   = − − − −      ∂ ∗

∫ ∫ ∫

∫ ∫ ∫
(D.3) 
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Equation D. 3 is integrated over the bandwidth Δηl, of the lth band, and the order of integration is 
changed on the last term. The Iη(S), Iη(η,0), and Iηb(S) are approximated by average values within 
the band to yield 

( ){ }
( ) ( ){ }

* 0

,* 0 ** *

( ) (0) exp * *

         * 1 exp ** ** *
*

S

l l l l S

S S

l bS l S S

I S I S dS d

I S S dS d dS
S

η

η

η κ η

κ η

=

= =

 ∆ = −  
∂  = − − −  ∂

∫ ∫

∫ ∫ ∫
 (D.4) 

Equations D.1 and D.2 are substituted into Equation D.4 to obtain the radiative transfer equation 
in terms of the Āl. 

( ) ( ) ( ) ( ) ( )
,* 0

*
0 * *

*
S l

l l l l l l bS

A S S
I S I A S I S dS

S
η η

=

∂ −
 ∆ = ∆ − −  ∂∫  (D.5) 

An alternative form is found by integrating Equation D.5 by parts to obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ),
, * 0

*
0 0 * *

*
S l b

l l l l l l b l lS

dI S
I S I A S I A S A S S dS

dS
η η

=
 ∆ = ∆ − + + −  ∫  (D.6) 

Equations D.5 and D.6 are nearly exact forms of the integrated RTE in terms of the band 
properties. The only approximation is that the intensity in each term does not vary significantly 
across the wave number span of the band. For a uniform gas, Equation D.6 gives (since dIl,b/dS = 
0) 

( ) ( ) ( ) ( ) ( ), , , , ,0 0l u l l l l u l b u l uI S I A S I A Sη η ∆ = ∆ − +   (D.7) 

where the u subscript denotes a uniform gas. 

To compute Il(S) or Il,u(S) from Equations D.5, D.6, or D.7, expressions are needed for 
the effective bandwidth Āl for nonuniform and uniform gases. From Equations 9.16 and 9.20 of 
the text, the limiting cases of Āl for bands of independent weak or Lorentz strong absorption lines 
in a uniform gas have the forms 

, 1,( )l u l uA S C Sρ=  (D.8a) 

1/ 2
, 2,( )l u l u uA S C Sρ=  (D.8b) 

where Cl,,1 and C2,l are coefficients of proportionality for the lth band, and Sc and γc for the lines 
have been taken as proportional to gas density. For the nonuniform gas the effective bandwidth 
depends on the variation of properties along the path. The effective bandwidths are obtained by 
using Equations D.8a and D.8b locally along the path. This gives, for a band of weak lines, 

1, * 0
( ) ( )      (weak)ρ ∗ ∗

=
= ∫

S

l l S
A S C S dS  (D.9a) 
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Similarly, for a band of strong lines, after first squaring Equation D.8b, 
2 2 2

2, * 0
( ) ( )ρ ∗ ∗

=
= ∫

S

l l S
A S C S dS , so that 

1/2
2

2, 0
( ) ( )      (strong)ρ ∗ ∗ =   ∫

S

l lA S C S dS  (D.9b) 

It is assumed that the C1,l and C2,l do not vary along the path. 

In the Curtis-Godson method the nonuniform gas is replaced by an effective amount of 
uniform gas such that the correct intensity is obtained at the weak and strong absorption limits. 
To have the uniform intensity equal the nonuniform intensity, equate Equations D.7 and D.6 and 
simplify to obtain 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),
, , , , * 0

*
0 0 0 * *

*
S l b

l b u u l l u l b l l lS

dI S
I T I A S I I A S A S S dS

dS=
   − = − + −    ∫    

 (D.10) 

To have Equation D.10 valid at the weak absorption limit, substitute Āl,u from Equation D.8a and 
Āl from Equation D.9a to obtain the following after canceling the C1,l. 

( ) ( )

( ) ( ) ( )
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,
, * 0 * 0 ** *

0

*
     0 0 ( *) * ( **) ** *

*

ρ

ρ ρ
= = =

−  

 = − +     ∫ ∫ ∫

l b u u l u u

S S S l b
l b l S S S S

I T I S

dI S
I I S dS S dS dS

dS

   (D.11a) 

Similarly, at the strong absorption limit, insert Equations D.8b and D.9b into Equation D.10  to 
obtain 

( ) ( ) ( ) ( )
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1/2
1/2 2

, , , * 0

1/2
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* 0 ** *
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S dS dS
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ρ ρ

ρ

=

= =

    − = −      

 +   

∫

∫ ∫
 (D.11b) 

For known temperature and density distributions in a nonuniform gas, Equations D.11a. 
and D.11b are solved simultaneously for ρu and Su, which are the equivalent uniform gas density 
and path length for that particular band. The Il,b,u(Tu) is not an additional unknown since the 
temperature Tu corresponds to ρu through the ideal gas law. Then Equation D.7 can be used for 
any effective bandwidth dependence on ρu and Su (that is, not only at the weak and strong limits) 
to solve for Il,u(S). This exactly equals Il(S) in the nonuniform gas in the weak and strong limits 
and is usually a good approximation for intermediate absorption values. Once the intensities are 
found, the radiative transfer is obtained by using the relations for a uniform gas. Evaluating 
Equations D.11a. and D.11b  usually requires numerical integration. Because the Curtis-Godson 
method requires evaluating at least two integrals for each band along each path, it may be 
equally feasible to numerically evaluate the nearly exact forms Equation D.5 or D.6. 
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As originally formulated [Goody and Yung (1989)], the Curtis-Godson method was 
limited to a small wave number span in an absorption band. The limitation was because of line 
overlapping and the change in the number of important lines with temperature. It has been shown 
in Weiner and Edwards (1968) and Plass (1967) that the method gives good results even for 
conditions with large temperature gradients with the use of fairly wide wave number spans. 
These references also account for overlapping absorption bands. A band absorption formulation 
analogous to the Curtis-Godson approximation but involving three parameters was developed by 
Cess and Wang (1970). The additional parameter enabled the equivalent isothermal gas to give 
the correct behavior in the linear and square-root limits, and also in the logarithmic limit for very 
strong absorption. The further treatment of radiative transfer along strongly nonisothermal paths 
is in Vitkin et al. (2000). To try to overcome spectral complexity, a Planck-Rosseland gray 
model has been developed; it is applied to a hypersonic radiating flow in Sakai et al. (2001). 
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E.  RADIATIVE TRANSFER IN POROUS AND DISPERSED MEDIA 

Radiative transfer in porous and dispersed media is reviewed in Tien (1988), 
Dombrovsky (1996), Baillis-Doermann and Scadura (1998), Howell (2000), Kamiuto (1999, 
2008), Nakouzi (2012), and Schoegl (2012) which provide extensive bibliographies. Many early 
models neglected the effect of anisotropic and/or dependent scattering that have been found 
important in some applications. If the porous structure is well defined, newer models have 
moved toward numerical and statistical modeling approaches that incorporate the detailed porous 
structure and its thermal properties. Considering radiative transfer among the structural elements 
provides detailed radiative transfer results, but does not yield simplified engineering heat transfer 
correlations. If the structural elements are translucent, refraction at the solid-fluid interfaces must 
be considered as well as the external and internal reflections that occur at these interfaces (see 
Section 17.5.3). Almost always, the structural elements are so closely spaced that dependent 
scattering occurs (Section 16.4). Independent scattering has been shown to fail for systems with 
low porosity and for packed beds [Singh and Kaviany (1994)], and deviations from independent 
scattering theory have been found at porosities as high as 0.935. 

A less detailed engineering approach has been to assume that the porous material can be 
treated as a continuum. This depends on the minimum porous bed or medium dimension, L, 
relative to the particle or pore diameter, Dp or Dpore, and the particle size parameter ξ = πDP/λ. 
For most practical systems the porous material is many pore or particle diameters in extent 
(L/Dpore or L/Dp > ~10), and the pores or particles are large relative to the wavelengths of the 
important radiative energy (ξ > ~ 5). In this case, the porous medium may be treated as 
continuous, and the effective radiative properties are measured by averaging over the pore 
structure. Traditional radiative transfer analysis methods for translucent media can then be 
applied without using detailed element-to-element modeling. When temperature gradients are 
large and/or the thermal conductivity of the elements is small, the assumption of isothermal 
elements may not be accurate [Singh and Kaviany (1994)]. Combustion in some liquid- and gas-
fueled porous burners occurs within the porous structure, producing large temperature gradients; 
temperatures within the porous medium can increase by over 1000 K within a few pore 
diameters. 

The energy equation for porous media analysis depends on the complexity of the 
particular problem to be solved. To determine the energy transfer between the porous solid and a 
flowing fluid, energy equations are written for both the solid and the fluid, with a convective 
transfer term providing the coupling between the two equations. This approach permits 
calculation of the differing bed and fluid temperatures. If the fluid is transparent (no absorption 
or scattering) the radiative flux divergence is only in the equation for the absorbing and radiating 
solid structure of the porous material. In this case, the energy equations (in one dimension) 
become, for the fluid and solid phases, 

( ) 0f f
p f v f s

dT dTduc k q h T T
dx dx dx

ρ  
− − + − = 

 
  (E.1) 

( ) 0s r
s v f s

d dT dqk h T T
dx dx dx

  − + − = 
 

 (E.2) 
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The hv is the volumetric convective heat transfer coefficient, and q  is the volumetric energy 
source in the fluid from combustion or other internal energy sources. The properties are effective 
properties that depend on the structure of the solid and the flow configuration. If multiple species 
are present, as for combustion, additional terms for species diffusion must be included in the 
fluid-phase equation. The coupling of Equations E.1 and E.2 through the convective transfer 
terms shows that radiation affects both the solid and fluid temperature distributions even when a 
radiation term is only in the solid energy equation. 

If there is no fluid within the porous medium, a single energy equation is used for the 
temperature distribution of the solid structure. Then Equations E.1 and E.2 reduce to the steady 
form of Equation 10.3 of the text with no viscous dissipation. Alternatively, if the fluid flow rate 
is sufficiently large, the volumetric heat transfer coefficient becomes large and the local fluid and 
solid temperatures become essentially equal; then Equations E.1 and E.2 combine to give 

eff 0r
p

dT d dT dquc k q
dx dx dx dx

ρ  − + − = 
 

  (E.3) 

In this equation, keff is the effective thermal conductivity of the fluid-saturated porous medium, 
and the other properties are corrected for the porosity and are on a per unit of total volume basis. 

Most analyses of radiative transfer in porous media rely on solving the radiative transfer 
equation (RTE) and it is necessary to measure or predict the effective continuum radiative 
properties of the porous medium. This can be done by direct or indirect measurements, or by 
predicting the properties using models of the geometrical structure and surface properties of the 
porous structural material. Most radiative property measurements are made by inferring the 
detailed properties from measurement of radiative transmission or reflection by the porous 
material. Measured and predicted properties of various packed beds are discussed in Howell 
(2000), and the properties of open-cell foam insulation are studied in Baillis et al. (2000). 
Haussener et al. (2009) use computerized tomography to determine the physical characteristics 
of a packed bed of CaCO3 particles, and then use forward Monte Carlo to determine the spectral 
scattering and absorption coefficients as well as the spectral phase function. Although the results 
were independent of the reflectivity characteristics of the system boundaries (specular or 
diffuse), they were strongly dependent on the assumed reflectivity characteristics of the particles.  

Solutions are difficult when the radiative mean free path is of the order of the overall bed 
dimensions. Simplifying assumptions cannot be made, such as an optically thick medium, and in 
this case a complete solution of the RTE may be required. The two-flux method is often used 
when one-dimensional radiative transfer is assumed; however, if the particles in the bed are 
absorbing, this method does not give satisfactory results [Singh and Kaviany (1994)]. If the solid 
structure of the porous medium has a defined shape it is possible to use conventional surface-to-
surface radiative interchange analysis. This is used in Antoniak et al. (1996) and Palmer et al. 
(1996) with a Monte Carlo cell-by-cell analysis to simulate radiative transfer among arrays of 
geometric shapes. Some research has tried to define an effective radiative conductivity that can 
be combined with heat conduction. For use in optically thick systems with porosity between 0.4 
and 0.5, composed of opaque solid spherical particles with surface emissivity εr and thermal 
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conductivity of the solid ks, the radiative conductivity can be approximated by [Singh and 
Kaviany (1991, 1994), Kaviany (1991)]: 

{ }3 1 * 0.80114 0.5756 tan 1.5353( ) / 0.1843σ −  = + r p r s rk D T kε ε   (E.4) 

where * 3/(4 )s s pk k D Tσ= . This is reasonably accurate for both diffuse and specular reflecting 
particles [the constants in (E.4) from are specifically for diffuse surfaces], and is weakly 
dependent on bed porosity. 

An early work on radiation transfer in dispersed media was by Viskanta and Mengüç 
(1989). Baillis and Sacadura (1996, 2000) have expanded the concept and provided a through 
literature search. Transport phenomena, including radiation models in solid gas foams were 
given by Pilon et al. (2001) and for glass foams the state-of-the-art was discussed by Federov 
and Pilon (2002). Further applications to foams were reported in a number of studies by Baillis’s 
group [Loretz et al. (2008); );  Randrianalisoa et al. 2006; Randrianalisoa and Baillis (2010, 
2014);  Kaemmerlen et al. (2010); Coquard et al. (2012)].  Diagnosis of foamy and bubbly media 
also require understanding of radiative transfer and light scattering concepts, as discussed by 
Wong and Mengüç (2002); Vaillon et al. (2004); Aslan et al. (2006); Swamy et al. (2007); and 
Gay et al. (2010). A recent monograph on dispersed  systems has summarized many formulations 
and applications specific to practical problems [Dombrovsky and Baillis (2010)]. The case of 
long cylindrical fibers in random orientations is analyzed for the geometric optics region using a 
detailed Monte Carlo analysis in Nisipeanu and Jones (2003). Particle suspensions in liquid are 
studied in Ma et al. (2015). 
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F.  Benchmark  Solutions for Verification of Radiation Solutions 

TABLE F.1  Incident radiation 4 Iπ  and z-component of radiative flux qz in cube of side length 
2c exposed to uniform diffuse incident radiation qi on bottom surface z = −c with 
nonhomogeneous gray extinction coefficient β = (0.05/c) + (0.45/c) {[1−(x2/c2)] 
[1−(y2/c2)][1−(z2/c2)]}2, isotropic scattering, and scattering albedo ω. Results tabulated along line 
z, x = y = 0. Results by numerical quadrature using 17 quadrature points (QM17) [Wu et al. 
(1996)] (origin of coordinates is at cube center) 

 

z/(2c) 

4 ( ) / ( )iI z q cπ −  ( ) / ( )z iq z q c−  

ω = 1.0 ω = 0.5 ω = 1.0 ω = 0.5 

−0.49529 2.0674 2.0205 0.9466 0.9746 

−0.47534 1.9955 1.9427 0.9410 0.9691 

−0.44012 1.8730 1.8107 0.9246 0.9525 

−0.39076 1.7066 1.6302 0.8883 0.9150 

−0.32884 1.5055 1.4120 0.8251 0.8478 

−0.25635 1.2837 1.1745 0.7359 0.7508 

−0.17562 1.0588 0.9416 0.6311 0.6355 

−0.08924 0.8487 0.7345 0.5259 0,5197 

0.00000 0.6667 0.5657 0.4325 0.4180 

0.08924 0.5196 0.4374 0.3566 0.3374 

0.17562 0.4081 0.3451 0.2987 0.2778 

0.25635 0.3280 0.2813 0.2560 0.2357 

0.32884 0.2729 0.2384 0.2252 0.2066 

0.39076 0.2365 0.2100 0.2033 0.1867 

0.44012 0.2131 0.1917 0.1882 0.1733 

0.47534 0.1989 0.1803 0.1785 0.1647 

0.49529 0.1914 0.1744 0.1734 0.1602 
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TABLE F.2 Integrated intensity 4 Iπ  and surface heat flux distributions qz, in cylinder with 
diameter 2ro = height zo exposed to uniform collimated incident flux qi = 1 on top surface z = 0 
(positive z extends vertically downward) with nonabsorbing gray homogeneous isotropic 
scattering, scattering coefficient σs, and optical thickness τzo = σszo = 0.25. Results tabulated 
along radius 0 < r < ro at z1 and z2, and along axial position 0 < z < zo at r1 and r2. Results by 
numerical quadrature using 17 quadrature points (QM17) [Hsu et al. (1999)] 

 

τr/τro 14 ( , )π τ τr zI

 
24 ( , )π τ τr zI

 
 ( ,0)z rq τ−  ( , )z r zoq τ τ+  /z zoτ τ  14 ( , )r zIπ κ κ

 
24 ( , )r zIπ τ τ  ( , )r ro zq τ τ+  

0.015625 1.08356 0.85828 0.04490 0.81969 0.015625 1.08356 1.04819 0.02810 
0.078125 1.08344 0.85819 0.04484 0.81964 0.078125 1.09101 1.04359 0.03485 
0.140625 1.08313 0.85790 0.04464 0.81944 0.140625 1.08377 1.03439 0.03913 
0.203125 1.08260 0.85742 0.04434 0.81915 0.203125 1.07618 1.02194 0.04052 
0.265625 1.08188 0.85678 0.04390 0.81873 0.265625 1.06548 1.00914 0.04168 
0.328125 1.08096 0.85595 0.04337 0.81824 0.328125 1.05352 0.99588 0.04252 
0.390625 1.07980 0.85490 0.04271 0.81761 0.390625 1.04008 0.98229 0.04302 
0.453125 1.07844 0.85370 0.04194 0.81689 0.453125 1.02603 0.96805 0.04293 
0.515625 1.07688 0.85233 0.04106 0.81609 0.515625 1.01082 0.95352 0.04252 
0.578125 1.07509 0.85076 0.04006 0.81519 0.578125 0.99534 0.93892 0.04194 
0.640625 1.07303 0.84899 0.03892 0.81417 0.640625 0.97851 0.92381 0.04088 
0.703125 1.07059 0.84686 0.03749 0.81286 0.703125 0.96127 0.90835 0.03942 
0.765625 1.06747 0.84405 0.03557 0.81106 0.765625 0.94304 0.89258 0.03771 
0.828125 1.06363 0.84070 0.03334 0.80902 0.828125 0.92268 0.87656 0.03583 
0.890625 1.05879 0.83654 0.03064 0.80660 0.890625 0.90140 0.85956 0.03307 
0.984375 1.04819 0.82775 0.02527 0.80204 0.984375 0.85828 0.82775 0.02462 

aτr1=τro/64, τr2=63τro/64, τz1=τzo/64, τz2=63τzo/64. 
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Table F.3  Listing of Benchmark Solution References: Absorbing/Emitting/scattering Media in 
Simple Enclosures 

Geometry Method Parameter 
Range 

Boundary 
Conditions 

Comments Reference 

3-D, Cube Finite 
element 

Given spectral 
property 
variation, 
κ(x,y,z); 
 ω = 0, 0.9 

Cold, black walls, 
isothermal medium, 
isotropic scattering 

Compares with YIX 
and MC solutions. 

Burns et al. 
(1995) 

2-D square 
enclosure 

Analytical All optical 
thickness 

One hot wall, three 
cold walls; cold 
medium 

Analytical solution; 
best reference for 
checking methods in 
2-D 

Crosbie and 
Shrenker (1982) 

3-D, cube Analytical All optical 
thickness;  
all ω 

One hot wall, 5 cold 
walls; cold medium, 
isotropic scattering 

Analytical solution; 
best reference for 
checking methods in 
3-D 

Crosbie and 
Shrenker (1984) 

3-D, cube YIX  κ(x,y,z);  
ω=0 or 
prescribed 
linear 
anisotropic 
 

Cold, black walls, 
isothermal medium, 
no or anisotropic 
scattering 

Discussion of error 
sources in YIX 
solution relative to 
exact analytical 
solution of Crosbie 
and Shrenker (1984) 

Hsu and Tan 
(1996) 

3-D, cube Numerical 
quadrature 

κ(x,y,z);  
ω = 0.5, 1.0 

One hot wall, 5 cold 
walls; cold gray 
medium, 
isotropic scattering 

Results in Table F.2 Hsu et al. 
(1999) 

Cylinder with 
height = 
diameter 

Numerical 
quadrature 

τ = σsz0=0.25 Cold gray 
nonabsorbing 
medium, isotropic 
scattering, black cold 
walls except hot top. 

Results in Table F.1 Wu et al. (1999) 

3-D, cube Discrete 
transfer and 
MC 

Given spectral 
property 
variation, 
κ(x,y,z); ω = 
0, 0.5, 0.9 

Cold, black walls, 
isothermal medium, 
linear anisotropic 
scattering 

Examines error as a 
function of angular 
quadrature 

Henson et al. 
(1997) 

3-D,  cube YIX, MC Given spectral 
property 
variation, 
κ(x,y,z); ω = 
0, 0.9 

All cold, black walls, 
or 1 hot, 5 cold walls; 
isothermal medium, 
isotropic scattering 

 Hsu and Farmer 
(1997) 

1-D, and 2-D, 
square  

Product 
Integration 

1-D; τ = 0.1, 
0.5, 1.0, 3.0 
and 3 
anisotropic 
scattering 
values. 
2-D: τ = 1 

3-D: 3 sdjacent cold 
black or diffuse gray 
walls; 1 hot wall, 
linear ansotropic 
scattering. Or, 4 cold 
black or diffuse gray 
walls, uniform 
internal generation, 
linear anisotropic 
scattering. 

Proposes method to 
reduce order of 
integrations required 
for solution. 

Tan (1998) 
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2-D square 
enclosure 

M1. S32 τ = 5 Black surfaces Planar radiation 
sources at various 
locations within 
medium.  

Gonzalez et al. 
(2008) 

2-D  square 
enclosure 

S4, S6, M1, 
P1 

τ  = 0 – 10,  
ω = 0 - 1 

One hot wall, three 
cold walls, all black 

Compares accuracy of 
each method with 
analytical solution of 
Crosbie and Shrenker 
(1982) 

Tencer and 
Howell (2013) 

2-D square 
and 3-D 
cubical 

S8 and S16 
for 2-D; S4, 
S8 and S12 
for 3-D. 

τ = 1, pure 
scattering 

Black surfaces; One 
hot wall, three cold 
walls ,isotropic 
scattering for 2-D;  1 
hot, 5 cold walls, 
Henyey-Greenstein 
phase function for 3-
D 

General discussion of 
factors affecting 
accuracy of DOM with 
many references 

Coelho (2014) 

Annulus 
between 
concentric 
spheres 

Analytical 
derivation 
with 
numerical 
evaluation 
of 
weighting 
functions 

Any value of 
τ or β, 
ω = 0 - 1 all 
radius ratios, 
all boundary 
temperatures. 

Black or gray 
boundaries, gray 
medium, linear 
anisotropic 
scattering. 

Compares results with 
prior solutions using 
various methods 

Le Dez and 
Sadat (2015) 

 

Some other benchmark solutions are in Spuckler and Siegel (1996), Olson et al. (2000), Tan et al. (2000), 
Gonzalez et al. (2009), Joseph et al. (2009) 
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G: Numerical Integration Methods for Use with Enclosure Equations 

Integration methods are now discussed for use in numerical solutions of pure radiation or 
combined-mode problems. For radiative exchange, the integrals are often functions of two 
position variables, and integration is over one or both of them. For example, the configuration 
factor dFdi–dj from position ri on surface i to position rj on surface j appears in the integral over 
surface j to obtain Fdi–j in the form [see Equations 4.9 and 5.57 in the text] 

(r ) (r , r ) (r , r )di j i Aj di dj i j Aj i j jF dF K dA− −= ∫ = ∫  (G.1) 

Many ways can be used to numerically approximate an integral. Because the integrands 
in radiative enclosure formulations are usually well behaved at the end points, closed numerical 
integration forms are often used that include the end points. Open methods do not include the 
end points and can be used when end-point values are indeterminate, such as for improper 
integrals that yield finite values when integrated. In analyses including convection and/or 
conduction, the numerical integration will usually use the grid spacing imposed by the 
differential terms. In some situations it is sufficient to use numerical integration methods that 
have regular grid spacing. However, uneven spacings are often advantageous to place more 
points in regions where functions have large variations, or to adequately follow irregular 
boundaries. Gaussian quadrature can be used for variable grid spacing. Simpler schemes such as 
the trapezoidal rule or Simpson’s rule may be adequate for some problems. These often employ 
uniform grid spacing and are closed, whereas Gaussian quadrature is open. The trapezoidal rule 
can readily be used with a nonuniform grid size. Textbooks on numerical methods provide 
detailed presentations of the many available integration methods and their relative accuracies, 
advantages, and disadvantages. Libraries of computer codes and computational software 
packages have many subroutines for single or multidimensional numerical integrations that can 
be applied directly. 

G.1 Trapezoidal Rule 

The trapezoidal rule is a closed numerical integration method that can easily employ a variable 
increment size. Consider the function in Figure G.1, where an equal grid spacing of Δz is shown 
for the integration range from z0 to zN. In the trapezoidal rule each pair of adjacent points, such as 
f(x, zj) and f(x, zj + 1), is connected by a straight line. Then the integral from zj to zj + l is 
approximated by 

1 1
1

( ) ( )
( , ) ( )

2
jz j j

j jzj

f x f x
f x z dz z z+ +

+

+
≈ −∫  

This approximation can be made for each interval between grid points, so an irregular grid 
spacing can be used. For equally sized increments, the sum over all intervals gives the 
approximation 

0

1

0
1

1 1( , ) ( ) ( ) ( )
2 2

N
Nz

j Nz
j

f x z dz z f x f x f x
−

=

 
≈ ∆ + + 

 
∑∫  (G.2) 
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 FIGURE G.1 Numerical integration of the function f(x, z) with respect to z for a fixed x. 

EXAMPLE G.1  

Using the ring-to-ring configuration factor, evaluate the configuration factor from a ring 
element on the interior of a right circular cylinder to the cylinder base for the geometry in 
Figure G.2 when x = r. Use the trapezoidal rule and compare the result with the analytical 
solution. 

 

FIGURE G.2 Geometry for configuration factor from ring element on interior of cylinder to ring 
element on base. 

The factor from dA1 to a ring dA2 on the base surface is 

2 2

1 2 2 2 2 2 3/ 2

2 (1 )( , )
[(1 ) 4 ]d d

XR X R dRdF X R
X R R−

+ −
=

+ + −
 (G.3) 

where X = x/r and R = ρ/r. For this example X = 1, so fj(X = 1, Rj) in Figure G.1 is given 
by 

2

4 3/2

2 (2 )
( 1, ) (1)

(4 )
j j

j j j
j

R R
f X R f

R
−

= ≡ =
+
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where Rj = jΔR and ΔR = 1/N. In particular, letting ( 1, ) (1),j jf X j R f= ∆ ≡  

2

0 4 3/ 2 3/ 2

2 [2 ( ) ] 2(1) 0, (1) , (1)
[4 ( ) ] 5j N
j R j Rf f f

j R
∆ − ∆

= = =
+ ∆

 

These terms are substituted into Equation G.2, and for N = 5 yields 
1 2 ( 1) (1 / 5)[(1 / 2 0 0.09794 0.18225 0.23451 0.23500 (1 / 2) 0.17889]
0.16783

− = = × + + + + + ×
=

dF X  

 The exact configuration factor is in Appendix C of the text as 

2

21 2 1/ 2

1
12( 1) ,

2 2 2( 1)d

X x XF X X X
rX

∗

∗ ∗
− ∗

+
= = − = = =

+
 

which gives 1 2 1 2( 1) ( 0.5) 0.17082d dF X F X ∗
− −= = = = . Larger numbers of increments 

improve the accuracy as follows: 

N Fd1–2(X = 1) % Error 

5 0.16783 −1.75 

10 0.17007 −0.44 

50 0.17079 −0.02 

100 0.17081 −0.006 

200 0.17082 0 

 

G.2 Simpson’s Rule 

The usual Simpson’s rule is obtained by passing a parabola through three adjacent grid points. 
For equally spaced increments the integral from zj to zj + 2 is approximated by 

2

1 2( ) ( 4 )
3

j

j

z

j j jz

zf z dz f f f+

+ +
∆

≈ + +∫  

Because this uses two Δz increments, the repeated application for a range with many grid points 
requires an even number of increments (an odd number of points). For N equally spaced 
increments in Figure G.1, the result is 

0 1 2 3 1( ) ( 4 2 4 4 )
3

N

o

z

N Nz

zf z dz f f f f f f−
∆

≈ + + + + + +∫   (G.4) 
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If an odd number of increments must be used, Simpson’s rule can be applied over an even 
number of increments, and the trapezoidal rule used for the remaining increment. 

If the curve in Figure G.1 goes through a sharp cusplike peak, it may not be accurate to 
apply Simpson’s rule if the peak is at the central point of the three adjacent points; the cusplike 
behavior is not accurately approximated by a parabolic curve. Simpson’s rule could be used for 
two increments on each side of the peak. Care should be used in selecting a suitable integration 
scheme for each application. 

Higher-order approximations have been developed by passing a cubic curve through four 
adjacent points, a fourth-order curve through five adjacent points, etc. These yield the Newton-
Cotes closed integration formulas of which the trapezoidal and Simpson’s rules are the first two. 
Using a cubic curve through four adjacent points is called Simpson’s second rule, 

3

1 2 3
3( ) ( 3 3 )

8
j

j

z

j j j jz

zf z dz f f f f+

+ + +

∆
≈ + + +∫  (G.5) 

 

G.3 Other Integration Methods  

Additional numerical integration techniques include Romberg integration, in which the 
trapezoidal rule is utilized. The integration is performed with a small number of increments and 
is then repeated for twice the number of increments by adding the contributions from the 
additional points, four times the number of increments, etc. The sequence of integration results is 
extrapolated to an improved result using Richardson extrapolation [see Press et al. (1992)]. The 
process is continued until desired convergence accuracy is achieved in the extrapolated result. 

Gaussian integration is very useful; this is an open integration method using an array of 
unevenly spaced points. The uneven points can be positioned between a fixed grid of evenly or 
variably spaced points. This can be done by curve fitting, such as by cubic splines, for the 
individual portions of the curve between the fixed grid points. Values of the integrand at 
positions between the grid points for use in the Gaussian method are interpolated using the spline 
coefficients. 

Many numerical integration subroutines have been written for computer use and the 
software can be readily applied. Curve-fitting software routines are available that can be used in 
conjunction with Gaussian or other techniques, requiring interpolation to obtain unevenly spaced 
values of the function being integrated. Some subroutines perform multidimensional integrations. 
Computational software packages for mathematics provide numerical integration using, for 
example, Romberg integration, Simpson’s rule, and adaptive methods; singular and infinite end 
points are also treated. 
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H: Radiative Cooling 
 
Under certain conditions, enhanced cooling from different types of surfaces is useful. This can be 
achieved via radiative cooling if the emission from the surface is enhanced at the longer 
wavelengths where most of the cooling (radiative energy loss) takes place. In addition, it is 
desirable to minimize the radiative energy gain of a given surface at the same time. This can be 
realized by decreasing the solar absorption and increasing the IR emission of the surface at the 
spectral range where it receives the radiant energy from outside. Such spectrally selective 
surfaces can also be useful where it is desirable to cool an object exposed to incident radiation 
from a high-temperature source. Common situations are objects exposed to the sun, such as a 
hydrocarbon storage tank, a cryogenic fuel tank in space, the roof and facades of a building, or 
electronic equipment which gets hot due to internal heat generation. There are several studies 
published over the years to enhance radiative cooling during night times {Catalanotti et al. 
(1975); Granqvist et al. (1982);  Eriksson and Granqvist (1982); Berdahl et al.(1983); and Smith 
(2009) and his colleagues [Gentle et al., (2013)]}.  

Few natural materials have the desired radiative responses. Radiative cooling can be 
enhanced using tailored properties of surfaces in both the spectral and directional sense (see 
Section 3.6 of the text).   

The largest impact of radiative cooling would be on buildings, which consume more than 
one-third of the energy in the US, as well as in most energy intense countries. Air-conditioning 
requirements and costs are significant in buildings. If a passive system could be employed to 
help minimize these costs, it would be a significant help towards achieving energy efficiency. 
Buildings receive energy mostly from sun and emit at about room temperatures. This means that 
most radiation incident on buildings, which cause radiation gain, is near visible wavelengths. If 
the buildings themselves are assumed to be at about 300 K temperature, then their emission 
wavelength peaks around 10 µm, following the Wien Law. The Earth’s atmosphere has a 
transparency window for electromagnetic waves between 8 and 13 µm that coincides with this 
peak thermal radiation wavelengths at these temperatures. Therefore, through this atmospheric 
transparency window, buildings can lose radiation quite effectively, particularly under clear sky 
conditions, both day and night! 

A number of studies about radiative cooling are discussed by Zhu et al. (2013). It is 
important to achieve not only night-time cooling, but also  daytime cooling. Given that there will 
be solar absorption during the times that cooling is most desirable, a detailed heat balance study 
is needed to determine a surface equilibrium temperature that is below the ambient. To achieve 
this, Zhu et al. have shown that it is necessary to achieve over 88 percent solar radiation 
reflection during the day. Yet, this approach has an architectural bottleneck, as any strong solar 
reflector would yield significant color change, which precludes extensive use of the idea. 

To be able to do this we desire to have a ‘designer’ surface that has large reflectivity in the 
spectral region of visible (short) wavelenghts to block the peak solar energy and has large 
absorptivity/emissivity at far-infrared (longer) wavelengths, where the surface emission peaks.  
For these “spectrally/directionally selective” surfaces, we can use a performance parameter. This 
parameter is defined, in a very simple way, as the ratio of its directional total absorptivity αs(θi, 
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φi, Ti) for incident solar energy to its hemispherical total emissivity ε(T) (See Equation 3.33 of 
the text). 

In principle, a highly reflecting material, a polished metal or a metallic coated surface can be 
considered for these applications. Although such materials would reflect much of the incident 
energy at visible, they do not effectively radiate at longer wavelengths. This yields a poor desired 
behavior for the energy balance in the vacuum of outer space and may not provide a low αs/ε. 
Paints, such as white paint, is an example of  useful spectrally selective surfaces [Dunkle 
(1963)], as they do not only reflect the incident solar radiation predominant at short wavelengths, 
but also radiate well at the longer wavelengths characteristic of the relatively low body 
temperature. However, their performance should be evaluated also with convective cooling, 
which may dominate over radiant emission.  

Cool roofs have been the prime focus of the Department of Energy in recent years. Most of 
this type of research is readily available on the internet.  

Radiative cooling is also part of thermal control in outer space, which needs (sometimes 
exotic) spectrally selective surfaces. Among them, the optical solar reflector (OSR) is a mirror 
composed of a glass layer silvered on the back side. The glass, being transparent in the short 
wavelength region, λ<~2.5µm, that includes the visible range, lets the silver reflect incident 
radiation in this spectral region. The small fraction of short-wavelength energy that is absorbed 
by the silver, and the energy absorbed by the glass at longer wavelengths, are radiated away by 
the glass in the longer-wavelength infrared region where glass emits well. 

   Commonly used thin plastic sheets for solar reflection are Kapton, Mylar, and Teflon with 
silver or aluminum coating on the backside. Fused-silica second-surface mirrors and polished 
metals are essentially stable in orbit. Metalized Teflon, aluminized Kapton, and some light 
colored paints on the other hand, darken over a long period of time, degrading their performance 
as discussed by Hall and Fote (1992). 

   The performance of a CuO pigment coating has recently been investigated and compared 
against that of a white TiO2 pigment, which is widely used as a typical white pigment (Gonome 
et al., 2014). They also measured results for CuO coatings and compared against the measured 
results for TiO2-pigmented coating. The performance of CuO pigment was found to be much 
higher than that of TiO2 pigment, though the CuO coating shows a darker, almost black color 
(Gonome et al., 2014). Titanium dioxide white paint is superior as an external solar-selective 
coating, to polyvinyl fluoride film with an aluminized coating 12 µm thick on the underside. 
These are the types of materials among many others that are used for spacecraft thermal control 
(Henninger, 1984). 

The most common material system currently used for low thrust, radiation-cooled rockets or 
spacecrafts is a niobium alloy (C-103) with a fused silica coating (R-512A or R-512E) for 
oxidation protection. However, significant amounts of fuel film cooling are usually required to 
keep the material below its maximum operating temperature of 1370°C, degrading engine 
performance. Also the R-512 coating is subject to cracking and eventual spalling after repeated 
thermal cycling.  

A new class of high-temperature, oxidation-resistant materials is being developed for 
radiation-cooled rocket engines, with the thermal margin to reduce or eliminate fuel film cooling, 



H: Radiative Cooling 
 

  H.3  

while still exceeding the life of silicide-coated niobium. Rhenium coated with iridium is the most 
developed of these high-temperature materials, as discussed by Reed et al. (1993) from NASA 
Lewis in the early 1960s. They also studied other material systems, which may offer more 
thermal margin and/or oxidation resistance, such as hafnium carbide/tantalum carbide matrix 
composites and ceramic oxide-coated iridium/rhenium chambers. Reed et al. discussed a 
chamber fabricated from pure iridium that would eliminate the rhenium/iridium diffusion 
mechanism, but there are concerns about its structural integrity as a rocket engine. A tantalum-
10% tungsten alloy and woven carbon-carbon fibers could serve as high-temperature substrates, 
but require a suitable oxidation-resistant coating for long life applications. Platinum-10% 
rhodium alloy and grain-stabilized platinum are excellent oxidation resistant materials that could 
be considered for very long life (tens of hours), but relatively low temperature (1650 °C) 
applications. Cermets and intermetallic compounds have also been considered for high 
temperature rocket operation, but there is a very limited experience base with them. 

   There are many materials that have absorption peaks at different wavelengths. Rare earth 
metals can be used as selective emitters in the infrared region due to their high absorption in this 
region [Rose et al. (1996); Licciulli et al. (2003); Wijewardane and Goswami (2012)]. 
Commonly, these metals are used as composites by mixing with other materials such as ceramic 
or titania because of the unavailability of these metals. The problem with these composites is that 
at higher temperatures grey-body like emission from other constituents’ starts to dominate the 
rare earth metal’s selective emission. For applications, which require peaks of various 
wavelengths the absorption peaks have to be tuned or shifted and the answer falls in the nano-
scale. Nano sized metal particles embeded in insulators or a semiconductor matrix, as reviewed 
by Wijewardane and Goswami, (2012). 

   In addition to spectral tuning, we can also consider directional tuning of surfaces. For 
example, an emitting surface can be constructed to emit strongly in preferred direction, while 
reducing emission into unwanted directions. This approach is based on the possibility of 
designing a regular micro-roughness (a “grating”) that would provide selective emission 
[Sentenac and Greffet (1994); Greffet and Henkel (2007)]. The grating dimension is of the same 
order of the predominant radiation wavelength. Indeed, this concept was shown experimentally 
and theoretically for different polarization settings [Arnold et al. (2012); see references cited). If 
the objective of the designer surface is to absorb primarily from a certain direction, then it can be 
constructed that way; also, the fabrication can be performed for it to absorb poorly in other 
directions. If the surface is used for solar absorption, then it would, based on the Kirchhoff law 
for directional properties, emit strongly toward the sun but weakly in other directions. It can 
absorb about the same energy as a nondirectional absorber, yet its total emission would be less 
than a typical surface. Coherent directional and spectral emission concepts have been explored 
by Greffet’s group over the years [Carminati and Greffet (1999); Greffet et al. (2002); Joulain et 
al. (2005); Laroche et al. (2006); Arnold et al. (2012), and references therein). Recent 
calculations carried out by Didari and Menguc (2014) also suggest that the shape and size of the 
extrusions on the surfaces can alter the far-field emission. These concepts were discussed briefly 
in Chapter 16, and are likely to be used for selective emission in the future. 

Recently, the concept of radiative cooling was explored by Fan group [Zhu et al. (2013)]. 
By modifying the structure of Silicon nanowire array on an Aluminum substrate, they had 
significant emissivity/absorptivity enhancement at far-infrared. Their feature size changed from 
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sub-micron to 10 nm range, and they demonstrated that the color of the sample did not change 
noticeably.. Zhu et al. also applied their idea of radiation cooling to solar cells, which is a very 
important area to enhance the performance of PV-panels [Zhu et. al. (2014)]. See also Section 
8.6 of the text for further discussions and references on optimized PV cell enhancement. 
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I.  RADIATION FROM FLAMES 

Combustion consists of chemical reactions in series and in parallel and involving various 
intermediate species. The composition and concentration of these species cannot be predicted 
very well unless knowledge is available of the flame reaction kinetics; this detailed knowledge is 
not usually available or convenient to obtain. Because the flame radiation properties depend on 
the distributions of temperature and species within the flame, a detailed prediction of radiation 
from flames is not often possible from knowledge of only the combustible constituents and the 
flame geometry. It is usually necessary to resort to empirical methods for predicting radiative 
transfer in systems involving combustion. 

Under certain conditions the constituents in a flame emit much more radiation in the 
visible region than would be expected from their gaseous absorption coefficients. For example, 
the typical almost transparent blue flame of a Bunsen burner can become a more highly emitting 
yellow-orange flame by changing the fuel-air ratio. Such luminous emission is usually ascribed 
to incandescent soot (hot carbon) particles formed because of incomplete combustion in 
hydrocarbon flames. Alternatively, Echigo et al. (1967)  and others have advanced the 
hypothesis, supported by some experimental facts, that luminous emission from some flames is 
by emission from vibration-rotation bands of chemical species that appear during the combustion 
process prior to the formation of soot particles.  

I.1  Radiation from Nonluminous Flames 

Radiation from the nonluminous portion of the combustion products is fairly well understood. 
For this the complexities of the chemical reaction are not as important, since it is the gaseous end 
products above the active burning region that are considered. Most instances are for hydrocarbon 
combustion, and radiation is from the CO2 and H2O absorption bands in the infrared. For flames 
a meter or more thick, as in commercial furnaces, the emission leaving the flame within the CO2 
and H2O vibration-rotation bands can approach blackbody emission in the band spectral regions. 
The gas radiation properties in Chapter 9, and the methods in this chapter, can be used to 
compute the radiative transfer. The analysis is greatly simplified if the medium is well mixed and 
can be assumed isothermal. A nonisothermal medium can be divided into approximately 
isothermal zones, and convection can be included if the circulation pattern in the combustion 
chamber is known. A nonisothermal analysis with convection was carried out in Hottel and 
Sarofim (1965) for cylindrical flames. In Dayan and Tien (1974), Edwards and Balakrishnan 
(1973), Modak (1975, 1977), Taylor and Foster (1974), and Lefebvre (1984), radiation from 
various types of nonluminous flames (laminar or turbulent, mixed or diffusion) is treated. The 
flame shape for an open diffusion flame is considered in Annamali and Durbetaki (1975). The 
local absorption coefficient in nonluminous flames is calculated in Grosshandler and Thurlow 
(1992) as a function of mixture fraction and fuel composition. Modest (2005) reviews models for 
radiative transfer in combustion gases.  
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When considering the radiation from flames, a characteristic parameter is the average 
temperature of a well-mixed flame as a result of the addition of chemical energy. Well-
developed methods exist [Gaydon and Wolfhard (1979)] for computing the theoretical flame 
temperature from thermodynamic data. The effect of preheating the fuel and/or oxidizer can be 
included. An ideal theoretical flame temperature T is computed using energy conservation 
assuming complete combustion, no dissociation of combustion products, and no heat losses. The 
energy in the constituents supplied to the combustion process, plus the energy of combustion, is 
equated to the energy of the combustion products to give, 

 
( ) ( )

( ) ( )
energy in feed air and fuel above energy released by combustion

   (I.1)
total mass of products mean specific heat of products

ref
ref

T
T T

+
− =

×
  

Energy losses by radiation and other means that would lower the flame temperature are 
not included. Methods for including these effects are in Gaydon and Wolfhard (1979); extinction 
of a flame by radiative energy loss is analyzed in Ju et al. (2000). A list of ideal theoretical flame 
temperatures (no radiation or other losses included) is in Table I.1 for various hydrocarbon 
flames, using data from Gaydon and Wolfhard and from Barnett and Hibbard (1957). Results for 
complete combustion with dry air are shown, followed by calculated results modified to allow 
for product dissociation and ionization. The latter are compared with experimental results. The 
heats of combustion of the substances are also given. Extensive tabulations of similar data for 
more than 200 hydrocarbons are in Barnett and Hibbard and in Perry et al. (2007). After its 
average temperature has been estimated, the radiation emitted by a nonluminous flame can be 
considered, as illustrated by an example. 

EXAMPLE I.1 As a result of combustion of ethane in 100% excess air, the combustion products 
are 4 mol of CO2, 6 mol of H2O vapor, 33.3 mol of air, and 26.3 mol of N2. Assume these 
products are in a cylindrical region 4 m high and 2 m in diameter, are uniformly mixed at a 
theoretical flame temperature of 1853 K, and are at 1 atm pressure. Compute the radiation from 
the gaseous region. 

The partial pressure of each constituent is equal to its mole fraction: 

( ) ( )
2 2

(4 / 69.6) 1 atm 0.0575atm and (6 / 69.6) 1 atm 0.0.0862atm.CO H Op p= = = =  

The gas mean beam length for negligible self-absorption is, from Equation 10.107, 

( ) ( ) ( )2 2
,0 4 / 4 2 / 4 4 / 2 4 2 2 / 4 1.6meL V A π π π   = = × × + =    . 

To include self-absorption, a correction factor of 0.9 is applied to give Le = 0.9(1.6) = 1.44 m. 
Then pCO2Le = 0.0575 × 1.44 = 0.0828 atm · m = 8.54 bar-cm, and pH2OLe = 0.0862 × 1.44 = 
0.124 atm · m = 12.8 bar-cm.. Using the Leckner correlations (Equation 9.58) at 1853 K gives  
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ε CO2 = 0.070 and ε H2O = 0.096 × 1.03 = 0.099. The 1.03 factor in ε H2O is a correction for the 
partial pressure of the water vapor being nonzero (Equation 9.60). There is also a negative 
correction from spectral overlap of the CO2 and H2O radiation bands. This is obtained from 
Equation 9.63 at the values of the parameters: 

( ) ( )
2 2 2

/ 0.0862 / 0.0575 0.0862 0.60H O CO H Op p p+ = + =  

2 2
0.0828 0.124 0.207atm m 20.9bar cmCO e H O ep L p L+ = + = ⋅ = ⋅  

The correction is Δε = 0.031. Then the gas emittance is  

2 2
0.070 0.099 0.031 0.138g CO H O= + − ∆ = + − =ε ε ε ε . 

The radiation from the gas region at the theoretical flame temperature is, 

4 8 40.138 5.6704 10 1853 10 2900kWg gQ T Aσ π−= = × × × × =ε  

TABLE I.1   Heat of combustion and flame temperature for hydrocarbon fuels [Gaydon and 
Wolfhard (1979); Barnett and Hibbard (1957); Lide (2008)] 

Fuel 

Heat of 
combustion 

kJ/kg 

Maximum flame temperature, K (combustion with 
dry air at 298 K) 

Theoretical 
(complete 

combustion) 

Theoretical (with 
dissociation and 

ionization) Experimental 
Carbon monoxide (CO) 10.1 × 104 1756 1388   
Hydrogen (H2) 14.1 × 104 2400 2169   
Methane (CH4) 5.53 × 104 2328 2191 2158 
Ethane (C2H6) 5.19 × 104 2338 2244 2173 
Propane (C4H8) 5.03 × 104 2629 2250 2203 
n-Butane (C4H10) 4.95 × 104 2357 2248 2178 
n-Pentane (C5H12) 4.53 × 104 2360 2250   
Ethylene (C2H4) 5.03 × 104 2523 2375 2253 
Propylene (C3H6) 4.89 × 104 2453 2323 2213 
Butylene (C4H8) 4.53 × 104 2431 2306 2208 
Amylene (C5H10) 4.50 × 104 2477     
Acetylene (C2H2) 5.00 × 104 2859 2607   
Benzene (C6H6) 4.18 × 104 2484 2363   
Toluene (C6H5CH3) 4.24 × 104 2460 2344   
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